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An  Overview  of  Modern  Financial  Economics^ 

Chi-fu  Huang 

1  Introduction 

The  seemingly  simple  observation  made  by  Modigliani  and  Miller  (1958)  that  two  financial  packages 
having  identical  payoffs  in  all  states  of  the  world  must  sell  for  the  same  price  marked  the  beginning 
of  the  modern  financial  economics,  where  formed  economic  reasonings  replaces  heuristics.  In  this 
paper  we  will  briefly  overview  three  key  subject  areas  in  the  modern  financial  economics  relating 
to  the  capital  market  theory.  We  begin  by  introducing  the  mean-variance  portfolio  theory  of 
Markowitz  (1952)  and  Tobin  (1958)  and  its  implication  on  equilibrium  expected  asset  returns,  or 
the  so-called  Capital  Asset  Pricing  Model,  due  to  Black  (1972),  Lintner  (1965),  Mossin  (1965),  and 
Sharpe  (1964).  We  then  turn  our  attention  to  the  generalizations  of  the  above  theories  to  dynamic 
economies  as  pioneered  by  Merton  (1971,  1973a)  and  later  extended  by  Breeden  (1979)  and  Cox, 
IngersoU,  and  Ross  (1985).  The  models  that  work  out  equilibrium  implications  on  expected  asset 
returns  are  termed  the  Intertemporal  Capital  Asset  Pricing  Models. 

The  path-breaking  work  that  has  spurred  more  than  a  decade  of  intensive  research  and  numerous 
innovations  in  financial  engineering  is  the  third  and  final  subject  on  our  agenda.  It  is  the  valuation 
theory  of  options  originated  by  Black  and  Scholes  (1973)  and  Merton  (1973b).  The  theory  now 
has  evolved  into  a  general  theory  of  contingent  claims  valuation  using  probabilistic  methods  due 
mainly  to  the  work  of  Cox  and  Ross  (1976),  Harrison  and  Kreps  (1979),  and  Harrison  and  Pliska 
(1981).  As  an  outgrowth  of  this  general  theory,  we  now  also  have  a  dynamic  portfolio  theory  and  a 
dynamic  equilibrium  theory  using  probabilistic  methods,  the  former  due  to  Cox  and  Huang  (1986, 
1989),  He  and  Pearson  (1989),  and  Pages  (1989)  and  the  latter  due  to  Huang  (1985a.  1985b),  Duffie 
and  Huang  (1985),  Duffie  (1986),  and  Huang  (1987). 

More  detailed  discussions  of  these  three  areas  and  some  applications  of  the  key  ideas  will  appear 
in  four  short  articles  following  this  overview. 

2  Static  Portfolio  Theory  and  the  Capital  Asset  Pricing  Model 

The  static  portfolio  theory  concerns  with  finding  the  portfolio  of  assets  that  has  a  given  level  of 
e.xpected  rate  of  return  and  has  a  minimum  risk  e.xposure  measured  by  the  variance  of  the  return  on 
a  portfolio.  A  portfolio  having  this  property  will  be  said  to  be  a  mean-variance  efficient  portfolio. 
Suppose  to  begin  that  there  is  no  riskless  asset.  Then  one  can  show  that  the  set  of  mean- 
variance  efficient  portfolios,  or  the  portfolio  frontier,  is  a  hyperbola  in  the  mean-standard  deviation 
space;  see  the  hyperbola  in  Figure  1.  .\mong  all  the  portfolios  on  the  portfoho  frontier  is  a  portfolio 
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Figure  1:  A  Portfolio  Frontier 


with  the  minimum  variance,  termed  henceforth  as  the  minimum  variance  portfolio.  It  is  known 
that  the  complete  portfolio  frontier  is  "generated"  by  any  two  distinct  portfolios  on  the  frontier 
in  that  any  portfolio  on  the  frontier  can  be  written  as  a  linear  combination  of  two  given  frontier 
portfolios.  This  is  called  the  two  fund  separation  property.  The  implication  is  that  if  investors 
want  to  hold  frontier  portfolios,  then  there  just  needs  to  have  any  two  frontier  portfolios  available 
as  mutual  funds  to  satisfy  all  investors  since  any  other  frontier  portfolio  is  just  a  portfoUo  of  these 
two  mutual  funds.  Conversely,  one  can  demonstrate  that  the  portfolio  frontier  is  a  linear  space  in 
that  any  linear  combination  of  frontier  portfolios  is  itself  a  frontier  portfolio. 

Next  one  can  show  that  for  any  portfolio  p  on  the  portfolio  frontier  that  is  not  the  minimum 
variance  portfolio,  there  exists  another  frontier  portfolio,  denoted  by  zc{p),  whose  rate  of  return  has 
a  zero  covariance  with  respect  to  that  on  p.  Geometrically,  -c(p),  the  :ew  covariance  portfolio  of 
p,  is  easily  found.  One  just  draws  a  line  tangent  to  the  portfolio  frontier  at  p.  The  intercept  of  this 
line  on  the  expected  rate  of  return  axis  gives  the  expected  rate  of  return  of  zcip);  see  Figure  1.  Now 
note  the  striking  mathematical  result:  fix  a  frontier  portfolio  p  and  its  zero  covariance  portfolio 
zc(p).  Let  q  be  any  portfolio  not  necessarily  on  the  frontier.  Then  we  have 


E[fq]  -   E[fzc{p)]   =  ,5gp(^[rp]  -  E[fzc{p)]), 


(1) 


where  f,  denotes  the  rate  of  return  on  portfoho  i,  E[-]  is  the  expectation  operator,  and  J,p  h 
y^l^'Y  with  Cov  and  Var  denoting  covariance  and  variance,  respectively. 
Equation  (1)  says  that,  for  a  fixed  frontier  portfolio  p  which  is  not  the  minimum  variance 
portfolio,  there  exists  a  linear  relation  between  the  expected  rate  of  return  of  any  portfolio  q  and 
(3gp.  This  is  a  mathematical  result  and  is  void  of  economic  content.  The  contribution  of  the  Capital 
Asset  Pricing  Afodel  lies  in  the  identification  of  a  frontier  portfolio  using  economic  arguments 
and  thus  produces  a  linear  restriction  among  the  expected  rate  of  returns  on  assets.  In  this  model, 
hypotheses  either  about  asset  returns  or  about  individuals'  preferences  are  made  so  that  individuals 
will  optimally  choose  to  hold  frontier  portfohos.  In  equilibrium,  supply  must  be  equal  to  demand 
for  the  markets  to  clear.  Thus  the  market  portfolio  is  a  convex  combination  of  individuals'  optimal 
portfolios  and  is  itself  a  frontier  portfolio.  Certain  economic  hypothesis  about  nonsatiation  is  then 
made  to  ensure  that  the  market  portfolio  has  an  expected  rate  of  return  strictly  higher  than  that  on 
the  minimum  variance  portfolio.  It  follows  that  (1)  holds  with  p  replaced  by  the  market  portfolio 
m  and  zc{p)  replaced  by  zc{m),  and  the  term  E[fm]  -  E[f.^^^JJ^■J]  is  strictly  positive.  This  is  the 
Zero-Beta  Capital  Asset  Pricing  Model  of  Black  (1972). 


Tlie  case  where  there  exists  a  riskless  asset  in  zero  net  supply  is  similar.  The  portfolio  frontier 
is  composed  of  two  half-lines  emanating  from  ry,  where  r/  is  the  riskless  interest  rate;  see  the  two 
hcJf-lines  in  Figure  1.  We  still  have  the  two  fund  separation  property.  Here,  the  two  separating 
mutual  funds  can  always  be  chosen  to  be  the  riskless  asset  and  the  "tangent"  portfolio  e.  Note 
that  the  tangent  portfolio  e  is  a  portfolio  composed  only  of  risky  assets  and  is  on  the  portfolio 
frontier  constructed  solely  using  risky  assets.  Now  suppose  that  individuals  optimally  choose  to 
hold  frontier  portfoUos  (of  all  assets).  Since  the  riskless  asset  is  in  zero  supply,  market  clearing 
condition  implies  that  in  equilibrium  e  must  be  the  market  portfolio.  Hence  the  expected  rate 
of  return  on  zc{Tn)  is  equal  to  r/  by  the  geometry  of  the  portfoho  frontier.  It  then  follows  from 
relation  (1)  that  for  any  portfolio  q,  we  have 

E[f,]-rf=l3,rr.(E[frr,]-rf),  (2) 

where  dnm  =     ?/  <-''"?    a^nd  fm  is  the  rate  of  return  on  the  market  portfolio. 

Calling  the  term  E[fq]  —  ^[/^.^(m)]  the  risk  premium  on  portfolio  q,  both  the  Capital  Asset 
Pricing  Model  and  the  Zero-Beta  Capital  Asset  Pricing  Model  predict  that  the  risk  premium  on 
any  asset  is  proportional  to  its  "beta"  with  respect  to  the  market  portfoho.  The  higher  the  beta  the 
larger  the  risk  premium.  The  "beta's"  with  respect  to  the  market  portfolio  instead  of  the  variances 
of  returns  are  the  measure  of  risk  in  equilibrium.  This  is  the  Capital  Asset  Pricing  Model  of  Lintner 
(1964),  Mossin  (1965),  and  Sharpe  (1964). 

Both  the  Capital  Asset  Pricing  Model  and  the  Zero-Beta  Capital  Asset  Pricing  Model  formalize 
the  following  economic  intuition:  Consider  two  assets,  a  and  6,  having  the  same  expected  dividends. 
The  dividends  of  asset  a  is  positively  correlated  with  those  of  the  market  portfolio  while  the  divi- 
dends of  asset  b  is  negatively  correlated  with  those  of  the  market  portfolio.  Asset  b,  as  compared 
to  aisset  a,  provides  a  "hedge"  against  the  aggregate  fluctuation  and  thus  individuals  find  it  an 
attractive  investment  relative  to  asset  a.  In  equilibrium  all  assets  will  be  held  and  thus  individuals 
holding  asset  a  must  be  rewarded  by  a  higher  expected  rate  of  return.  The  asset  pricing  models 
predict  that  the  risk  premiums  are  a  linear  increasing  function  of  assets'  "betas"'  with  respect  to 
the  market  portfolio.  The  part  of  the  randomness  of  the  return  on  an  asset  that  is  uncorrected 
with  Tn  does  not  contribute  to  the  asset's  risk  premium  as  it  can  be  diversified  away. 

3     Dynamic  Portfolio  Theory  and  the  Intertemporal  Capital  Asset 
Pricing  Model 

The  dynamic  portfolio  theory  analyzes  an  individual's  problem  of  investing  his  wealth  and  with- 
drawing from  his  portfolio  to  consume  to  maximize  his  preferences  for  consumption  over  time.  For 
analytic  tractability,  the  theory  has  been  developed  in  continuous  time  economies  where  asset  prices 
follow  a  diffusion  process. 

Formally,  consider  an  economy  under  uncertainty  with  a  time  horizon  [0,T].  There  are  iV  -f  1 
securities  traded  indexed  by  ;i  =  0, 1, . . .  ,.V.  Let  Sn{t)  denote  the  price  of  security  n  at  time  t  and 

let  S{t)  be  (5i(f), 5,v(0)^'  where  ^  denotes  "transpose."  Assume  that  S  satisfies  the  stochastic 

differential  equation: 

dSit)  +  f{Y{t),t)dt  =  Is{tMY{t)J)dt  +  Is{t)a{Yit),t)dB{t),  (3) 


where  Y  is  an  Af-vector  diffusion  process  satisfying  the  stochastic  differential  equation 

dY{t)  =  0{Yit),t)dt  +  g{Y{t),t)dB{t),  (4) 

f{Y{t),t)  is  an  iV-vector  of  dividend  rates  paid  by  securities  n  =  l,2,...,N  at  time  t,  Is{t)  is 
d.n  N  X  N  diagonal  matrix  process  with  the  n-th  diagonal  element  being  equal  to  Sn{t),  fi  is  an 
iV-vector  processes,  p  is  an  M-vector  process,  ct  is  an  iV  x  A^-matrix  process,  5  is  an  M  X  A'  matrix 
process,  and  5  is  a  A'-dimensional  standard  Brownian  motion.  To  aid  our  future  interpretations, 
let  M  +  1  <  iV  <  A'  and  assume  that  a(()  and  g(t)  are  of  full  rank  for  all  t.  We  will  call  Y  the 
vector  of  "state  variables,"  and  ^i(t)  and  a(f)(T(0^  aje  the  vector  of  "instantaneous"  expected  rate 
of  returns  and  the  "instantaneous"  covariance  matrix,  respectively,  on  assets  n  =  l,2,...,iV  at 
time  t.  The  processes  5  and  Y  form  a  diffusion  process.  Security  0  is  locally  riskless  with  a  price 
process  growing  at  a  rate  r(Y{t),t)  at  time  t.  Henceforth,  we  will  call  securities  n  =  l,2,...,j;V 
risky  assets  and  security  n  =  0  the  riskless  asset. 

A  portfolio  policy  A  is  an  iV-vector  process  that  prescribes  the  proportion  of  wealth  invested  in 
the  risky  assets  and  a  consumption  policy  C  is  a  positive  process  that  describes  the  consumption 
rates  over  time  in  the  single  consumption  good.  For  a  given  pair  (A,C),  the  budget  feasible  wealth 
process  \V  must  satisfy  the  following  dynamics: 

dVV{t)  =  [W{t)(rit)  +  A{tf{Mt)  -  r{t)))  -  C{t)]dt  +  Wit)A{tf  (j{t)dB{t).  (5) 

The  optimal  consumption  and  portfolio  problem  of  an  individual  is  finding  a  pair  {A,C)  to 
maximize 

E     [    u{C{t),Y{t),t)dt 
Jo 

subject  to  the  budget  constraint  (5)  and  price  dynamics  (3)  and  (4),  where  u{C{t),Y{t),t)  is  an 
individuzd's  felicity  function  for  time  t  consumption.  Assume  there  exists  a  solution  to  the  above 
problem  and  let  J{\V{t),Y{t),t)  be  the  optimal  \-alue  function  for  this  problem  at  time  t  given 
that  wealth  and  state  variables  at  that  time  are  \V(t)  and  Y(t),  respectively.  Bellman's  optimality 
principle  implies  that  J  must  satisfy  the  following  Bellman  equation: 

0  =  m3XA,c{\JwwW^A^aa'^A     +WA'^ag'^JwY 

+Jvv[W{r  +  A^ifi  -  r))  -  C]  +  u{C,Yj)}  (6) 

+  J^P+\tT{JYY99'^)  +  Jt, 

where  subscripts  denote  partial  derivatives  and  tr  denotes  "trace." 
Performing  maximization  gives 

A     =     --J 777  <^^    )   \^i-r)-{aa')    'ag — ,  (-) 

where  Ur  denotes  partial  derivative  of  u  with  respect  to  c.  Note  that  the  inequality  of  (8)  holds  as 
an  equality  if  consumption  is  strictly  positive. 


Relation  (7)  exhausts  the  implications  of  the  dynamic  portfolio  theory.  One  can  show  that 
(cr£r^)~^{/x  -  r)  is  proportional  to  the  portfolio  weights  on  the  risky  assets  of  an  "instantaneous" 
mean- variance  frontier  portfolio,  and  the  i-th  row  of  ((7ct^)~^(t^^  is  proportional  to  the  portfolio 
weights  on  the  risky  assets  of  the  portfolio  mostly  highly  correlated  with  the  i-th  state  variable. 
We  immediately  have  the  generalization  of  the  two-fund  separation  result  in  the  static  setting:  ail 
the  optimal  portfolios  are  linear  combinations  of  a  mean- variance  frontier  portfolio,  M  portfolios 
most  highly  correlated  with  the  state  variables,  and  the  riskless  asset.  We  thus  have  M  +  2  fund 
separation.  The  hypothesis  that  Af  -I-  1  <  N  made  earlier  is  for  this  "mutual  fund  separation"  to 
be  meaningful,  or  else,  the  number  of  mutual  funds  would  not  be  smaller  than  the  number  of  assets 
traded. 

Given  that  there  exists  an  equilibrium  in  our  dynamic  economy  in  which  there  are  state  variables 
Y  so  that  prices  for  securities  follow  the  processes  we  posited,  equilibrium  relation  among  expected 
rates  of  of  return  of  assets  can  be  derived  as  follows.  For  simplicity,  assume  that  there  exists  a 
single  representative  individual  in  the  economy.  Then  the  market  clearing  condition  implies  that 
(7)  must  hold  for  the  portfoUo  weights  of  the  market  portfolio  while  the  wealth  of  the  representative 
individual  must  be  the  aggregate  wealth.  Using  these  observations,  Ito's  lemma  and  (7)  imply 

(/i(0  -  r{t))dt     =  -Iin^WllCov,i{dWit)  +  C{t)dt)/W{t),{dSit)  +  f{t)dt)IS{t)) 

-i^Cov{dY{t)-'MS{t)  +  !{t)dt)IS{t))  (9) 

=  -Covt{dJw{t)l  Jw{t)AdS{t)  +  f{t)dt)IS{t)), 

where  Covt  denotes  the  covariance  operator  conditional  on  the  information  at  time  (.  Note  that 
[dS  -\-  fdt)/S  is  the  vector  of  instantaneous  rates  of  return  on  risky  assets  and  {dW  +  Cdt)/W  is 
the  rate  of  return  on  the  aggregate  wealth/market  portfolio. 

The  second  equality  of  (9)  underlies  much  of  the  intertemporal  asset  pricing  models.  The 
equilibrium  instantaneous  expected  rate  of  return  on  an  asset  depends  on  how  its  rate  of  return  is 
correlated  with  the  changes  in  the  representative  individual's  marginal  utility  for  wealth  as  captured 
by  dJw-  If  its  rate  of  return  is  positively  correlated  with  dJw,  then  its  equilibrium  risk  premium 
will  be  negative  since  it  provides  a  hedge  by  offering  high  returns  when  the  representative  individual 
needs  it  the  most. 

Now  we  will  derive  the  multi-factor  Intertemporal  Capital  Asset  Pricing  Model  of  Merton 
(1973a).  Let  A'  be  a  vector  of  value  processes  of  M  portfolio  most  highly  correlated  with  the 
state  variables  Y  and  let  /ir(f)  denote  the  M-vector  of  instantaneous  expected  rates  of  return  per 
unit  time  on  .Y.  By  manipulating  the  first  equality  of  (9),  we  get 

where 

'^s.\vx(i)  and  Vwx.wxW  are  the  covariance  matrices  of  the  instantaneous  changes  at  time  t  in 
S  and  (17,A'^)  and  in  (lt^,.Y^)  and  (lt^,A'^),  respectively,  and  fim(t)  denotes  the  instantaneous 
expected  rate  of  return  at  time  t  on  the  market  portfolio.  That  is,  in  equilibrium  there  exists  a  linear 
relation  between  the  instantaneous  risk  premiums  on  risky  assets  and  their  M  4-  1  characteristics 


as  captured  by  the  rows  of  Ps.wx  or  ^he  assets'  beta's  with  respect  to  the  market  portfolio  and 
with  respect  to  the  A/  portfolios  most  highly  correlated  with  the  state  variables.  The  weights  on 
these  characteristics  are  the  risk  premiums  on  the  market  portfolio  and  on  the  M  portfolios  most 
highly  correlated  with  the  state  variables.  This  is  the  Intertemporal  Capital  Asset  Pricing  Model 
of  Merton(  1973a). 

With  two  more  assumptions,  we  can  simplify  ( 10)  further.  Suppose  now  that  the  felicity  function 
u  is  independent  of  the  state  variables  and  in  equilibrium  C{t)  >  0  for  all  t.  Using  (8)  with  the 
inequality  replaced  by  an  equality,  (9)  becomes 

ifxit)  -  r{t))dt  =  -Covt{du,{t)/u,{t),idSit)  +  f{t)dt)/S{t)).  (11) 

Ito's  lemma  then  implies  that 

(/i(0  -  r{t))dt  =  -  ^f££iiM^Cov,(cfC(0/C(0,  (d5(0  +  mdt)/S{t)), 

Uc(t) 

where  we  note  that,  by  the  market  clearing  condition.  C{t)  is  the  time  (  aggregate  consumption. 
Letting  Sc  denote  the  price  process  of  the  portfolio  that  does  not  pay  dividend  and  whose  rates 
of  return  are  mostly  highly  correlated  with  the  instantaneous  rate  of  changes  on  the  aggregate 
consumption,  we  have 

t,{t)  -  r{t)  =  ^{^i,{t)  -  r{t)),  (12) 

HCC 

where  ^c(0  's  the  instantaneous  expected  rate  of  return  at  time  t  of  Sc, 

^     Cowt(dCit)/C{t),{dS{t)  +  fit)dt)/S{t)) 
^^^    ~  V^Tt{dC(t)/C{t)) 

CovtidC{t)/C{t),dS,it)/SAt)) 
^''    ~  V^Tt(dC{t)/C(t)) 

and  Var(  denotes  the  variance  operator  conditional  on  the  information  at  time  t.  This  is  the 
Intertemporal  Consumption  Capital  Asset  Pricing  Model  of  Breeden  ( 1979)  and  we  Ccdl  the  elements 
of  0sc/(^cc  the  consumption  beta's  of  the  risky  assets.  This  relation  is  similar  to  the  Capitcd  Asset 
Pricing  Model  except  that,  in  place  of  the  market  portfoho,  the  aggregate  consumption  plays  a 
pivotal  role  in  asset  pricing  and  the  riskiness  of  an  asset  is  completely  determined  by  its  consumption 
beta. 

4    Valuation  of  Contingent  Securities 

The  observation  made  by  Modigliani  and  Miller  (1958)  that  two  financial  packages  having  identical 
payoffs  in  adl  states  of  nature  must  sell  for  the  same  price  underlies  the  modern  theory  of  valuation 
of  contingent  securities  as  pioneered  by  Black  and  Scholes  (1973)  and  Merton  (1973b).  .\lthough 
this  literature  has  mostly  been  developed  using  continuous-time  stochastic  processes,  much  of  the 
intuition,  however,  can  be  understood  in  a  discrete-time  discrete-state  setting  to  follow. 

Consider  an  economy  with  three  dates,  (  =  0,1,2,  and  three  securities.  These  three  securities 
will  be  called  primitive  securities.   The  price  processes  of  the  primitive  securities  are  depicted  in 


(  =  0  (  =  1  t  =  2 


(1,2,4) 


(1,1.75,3.75) 


•  (1,3,4)  1 

(1,2,5)  0 

^  •  (1,1,3)  0 

•-(1,0,2)  0 


(1,1.5,3.5)     X^ 

"•  (1,3,5)      1 
Figure  2:  Price  Processes  Event  Tree 

Figure  2  in  the  parenthesis  along  the  event  tree.  For  example,  the  two  sets  of  numbers  in  the 
parentheses  at  time  1  are  the  two  scenarios  of  the  primitive  securities  prices  at  time  1.  Given  that 
the  realized  prices  at  time  1  are  those  at  the  upper  node,  there  are  three  possibilities  at  time  2 
represented  by  the  three  branches  succeeding  the  upper  node.  The  n-th  number  of  each  parenthesis 
is  the  price  of  the  n-th  primitive  security.  Note  that  the  first  primitive  security  has  a  unit  price 
throughout.  Here  we  will  not  be  specific  about  the  probabilities  of  the  branches  on  the  tree  except 
noting  that  each  branch  is  of  a  strictly  positive  probability.  Thus  the  implications  we  are  going  to 
derive  will  be  independent  of  the  probabilities. 

We  are  interested  in  the  valuation  at  time  0  of  a  security  whose  payoffs  depend  on,  say,  security 
2.  This  security  will  be  called  a  contingent  security  or  a  derivative  security.  Without  loss  of 
generality,  we  consider  a  European  call  option  on  the  second  primitive  security  that  matures  at 
time  2  with  an  exercise  price  2.  The  numbers  to  the  right  of  the  parentheses  at  time  2  are  the 
payoffs  of  this  call  option  at  that  time.  It  is  easily  verified  that  the  payoffs  of  this  call  option  does 
not  lie  in  the  linear  span  of  the  time  2  prices  of  the  three  primitive  securities.  Thus  one  cannot 
construct  a  portfolio  of  the  three  primitive  securities  at  time  0  and  hold  it  to  time  2  to  have  the 
payoffs  of  the  call  option.  If  such  a  portfolio  existed,  then  the  value  of  the  call  option  would  just 
be  the  value  of  this  portfolio  or  else  an  arbitrage  opportunity  could  be  created  by  selling  the  call 
option  and  using  the  proceeds  to  buy  this  portfolio  or  vice  versa. 

The  modern  theory  of  the  valuation  of  contingent  securities  makes  the  following  observation: 
one  can  make  use  of  the  trading  opportunity  at  time  1  to  create  payoffs  at  time  2  that  do  not  lie 
in  the  linear  span  of  the  time  2  prices  of  the  three  primitive  securities.  At  time  1  at  the  upper 
node,  we  ask:  does  there  exist  a  portfolio  of  the  three  securities  so  that  the  value  of  the  portfolio 
at  time  2  will  be  identical  to  those  of  the  Ccdl  option  in  all  three  subsequent  nodes?  Letting  x,y,z 
denote  the  numbers  of  shares  of  the  three  primitive  securities  held  at  time  1  on  the  upper  node, 


mathematically,  we  want  to  find  a  solution  to  the  following  system  of  equations: 

x  +  3y  +  4z    =1, 

x  +  2y  +  5z     =0,  (13) 

x  +  y  +  3z     =0. 

The  unique  solution  is  (x,y,  2)  =  (1/3,2/3,  -1/3).  That  is,  if  at  time  1  at  the  upper  node  one  holds 
a  portfolio  into  time  2  composed  of  one-third  of  a  share  of  the  first  primitive  security,  two-thirds 
of  a  share  of  the  second  primitive  security,  and  minus  one-third  of  a  share  of  the  third  primitive 
security,  then  at  time  2,  one  has  the  exact  payoffs  of  the  option  at  the  nodes  subsequent  to  the 
upper  nodes  at  time  1.  The  value  of  this  portfolio  at  time  1  at  the  upper  node  is  1/3.  Similarly, 
for  the  lower  node  at  time  1,  we  solve 

(„) 

X  +  3y  +  5z    =1. 

A  solution  is  (x,  y,  z)  =  (-1/3, 1/6, 1/6)  and  the  value  of  this  portfolio  at  time  1  at  the  lower  node 
is  1/2. 

Now  if  one  can  find  a  portfolio  of  the  three  primitive  securities  at  time  0  so  that  its  time  1  value 
is  1/3  at  the  upper  node  and  1/2  at  the  lower  node,  then  one  is  done.  This  is  so  because  one  can 
then  rebalance  the  compositions  of  the  portfolio  according  to  the  solution  to  either  (13)  or  (14) 
depending  on  whether  the  realized  time  1  prices  of  the  three  primitive  securities  are  at  the  upper 
node  or  the  lower  node.  There  will  be  neither  additional  funds  needed  for  nor  funds  withdrawn 
out  of  the  portfolio.  The  time  0  value  of  the  call  option  will  just  be  the  value  of  the  portfolio 
constructed  at  time  0.  The  time  0  composition  of  this  portfolio  is  a  solution  to  the  equations: 

x  +  2y  +  Az     =1/3, 

(15) 
x  +  l.oy  +  3.5z     =  1/2. 

A  solution  is  (x,y,  z)  =  (4/3,  -1/6,  -1/6)  and  one  has  a  complete  specification  of  a  portfolio  whose 
time  2  payoffs  are  identical  to  those  of  the  European  call  option.  The  value  of  this  portfolio  at 
time  0  is  5/12  and  thus  the  value  of  the  call  option  then  must  also  be  5/12  since  the  prices  for  two 
financial  packages  having  identical  payoffs  must  be  the  same  to  prevent  arbitrage  opportunities. 

More  generally,  one  can  constructed  a  portfolio  of  the  three  securities  so  that  the  portfolio  has 
a  unit  payoff  at  one  node  on  the  event  tree  and  nothing  otherwise.  Denote  the  time  0  price  of  the 
portfolio  that  pays  one  unit  of  wealth  at  time  t  =  1,2  at  node  i  by  tt*,,  where  we  have  ranked  the 
nodes  at  each  time  from  top  to  the  bottom.  One  first  shows  that 

537r-=l,      f  =  l,2 

i 

and 

2li  =  l  ^2i       —  ^II' 
1^1=4  ^2i       —  ^12' 

where  we  note  that  the  first  equality  is  implied  by  the  fact  that  the  first  primitive  security  has 
unit  price  throughout.  That  is,  these  prices  satisfy  the  definition  of  a  probability  and  can  thus  be 
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interpreted  to  be  the  probabilities  of  the  respectively  nodes.  One  verifies  quickly  that  under  these 
probabilities,  the  price  processes  for  the  primitive  securities  follow  a  martingale.  Moreover,  the  no 
arbitrage  arguments  made  earlier  necessitate  that  a  contingent  security  that  is  represented  by  its 
payoffs  only  at  time  2,  cj,  at  node  i,  must  sell  for 

5 

t=i 

at  time  0,  or  sell  for  the  expectation  according  to  the  ttj/s  of  its  payoffs.  Similarly,  the  prices  of 
this  contingent  security  at  time  1  at  the  upper  and  lower  nodes  are,  respectively, 


and 

^     tt" 

—  C2., 
.=4  ^12 

which  are  the  expectation  at  time  1  of  the  C2,'s  conditional  on  whether  the  realized  primitive  security 
prices  are  at  the  upper  node  or  at  the  lower  node.  Therefore,  the  prices  over  time  of  the  contingent 
security  is  a  martingale  under  the  "probability"  that  assigns  the  probability  tt',  to  the  i-th  node  at 
time  t.  This  representation  facilitates  our  computation  of  the  prices  for  other  contingent  securities 
as  we  can  simply  calculate  the  conditional  expectation  of  their  payoffs  according  to  the  probability 
represented  by  the  7r','s.  This  probability  is  termed  a  martingale  measure  by  its  connection  to 
martingales. 

In  our  setup,  a  martingale  measure  exists  and  is  unique  as  for  every  node  on  the  event  tree, 
there  exists  a  portfolio  that  has  unit  payoff  at  that  node  and  nothing  otherwise  and  there  is  a 
primitive  security  with  unit  price  throughout.  If  there  is  no  primitive  security  with  unit  price 
throughout,  we  take  one  of  the  securities  to  be  the  numeraire  and  normalize  the  prices.  Then 
there  exists  a  unique  martingale  measure  for  the  normalized  prices.  In  general,  the  existence  of 
a  martingale  measure  for  "normalized"  price  processes  is  a  necessary  and  sufficient  condition  for 
arbitrage  opportunities  not  to  be  present  among  the  three  primitive  securities.  On  the  other  hand, 
the  uniqueness  of  a  martingale  measure  is  a  necessary  and  sufficient  condition  for  the  market  to  be 
dynamically  complete  in  that  any  contingent  security  can  be  "replicated"  by  dynamically  trading 
in  the  primitive  securities. 

This  martingale  connection  of  an  arbitrage-free  price  system  for  primitive  securities,  made 
originally  by  Cox  and  Ross  (1976)  and  Harrison  and  Kreps  (1979),  is  the  conerstone  for  the  general 
theory  of  contingent  claim  valuation  in  continuous  time,  of  which  the  option  pricing  theory  of  Black 
and  Scholes  (1973)  is  just  an  example. 

5     Concluding  Remarks 

We  have  briefly  overviewed  three  main  subjects  of  modern  financial  economics.  The  intent  is  not 
to  give  complete  details  but  rather  to  summarize  major  results.  In  four  articles  to  appear  in  this 


journal,  we  will  give  more  in  depth  discussions  of  the  three  subjects  and  some  practical  applications 
of  the  ideas.  More  specifically,  in  the  first  article  to  appear,  we  will  lay  out  in  greater  detail  the 
mathematics  of  the  portfolio  frontier  and  the  economics  of  the  Capital  Asset  Pricing  Models.  The 
applications  of  the  Capital  Asset  Pricing  Model  to  capital  budgeting  and  to  money  management 
will  also  be  discussed. 

In  the  second  article  to  appear,  instead  of  giving  more  details  on  the  dynamic  portfolio  theory 
and  the  Intertemporal  Capital  Asset  Pricing  Models,  we  will  develop  more  fully  the  theory  of 
contingent  claims  valuation  in  continuous  time.  The  Black  and  Scholes  (1973)  option  pricing 
theory  will  be  the  application  to  be  discussed. 

In  the  third  article  to  appear,  we  will  show  how  the  theory  of  contingent  claim  valuation  gives 
more  insights  into  the  dynamic  portfolio  theory  and  the  intertemporal  asset  pricing  models.  Finally, 
in  the  fourth  article  to  appear  we  will  combine  the  valuation  theory  of  contingent  securities  and 
the  intertemporal  asset  pricing  models  to  develop  a  model  of  the  term  structure  of  interest  rates 
and  apply  the  model  to  study  the  pricing  of  interest  rate  contingent  securities. 
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The  Static  Portfolio  Theory 

and 
the  Capital  Asset  Pricing  Model 

Chi-fu  Huang 


1  Introduction 

In  the  static  portfolio  theory,  it  is  assumed  that  investors  choos<>  portfolios  of  assets  according  to 
the  means  and  variances  of  the  returns  on  the  portfolios.  In  particular,  investors  prefer  the  mean 
and  dislike  the  variance.  This  mean-variance  model  of  asset  choice  has  been  used  extensively  in 
finance  since  its  development  by  Markowitz  (1952)  almost  three  decades  ago.  The  popularity  of 
this  model  lies  not  in  the  generality  but  in  the  tractabUity  that  its  assumptions  afford.  Moreover, 
the  closing  of  this  mean-variance  model  using  the  market  clearing  condition  yields  an  equilibrium 
relation  among  the  expected  rates  of  return  on  risky  assets,  termed  the  Capital  Asset  Pricing  Model 
(CAPM),  which,  till  these  days,  remains  to  be  one  of  the  most  important  asset  pricing  models. 

The  purpose  of  this  paper  is  just  to  give  a  brief  account  of  the  static  portfoUo  theory  and  its 
implications  on  the  equilibrium  expected  asset  return.  We  will  also  give  two  applications  of  the 
CAPM,  one  in  corporate  finance  and  one  in  investments.  The  rest  of  this  paper  is  organized  as 
follows.  Section  2  lays  out  the  basic  static  portfoUo  theory.  Section  3  presents  some  deeper  results 
in  portfolio  theory  in  preparation  for  the  introduction  of  CAPM.  Section  4  derives  the  CAPM. 
Applications  of  the  CAPM  are  in  Section  5.  Section  6  contains  the  concluding  remarks. 

2  Static  Portfolio  Theory 

The  static  portfoUo  theory  characterizes  a  set  of  portfolios  from  which  investors  choose  their  optimal 
portfolios.  It  is  assumed  that  investors  prefer  the  mean  and  dislike  the  variance  of  the  rate  of  return 
on  a  portfolio.  Thus  the  set  of  portfolios  from  which  optimal  portfolios  will  be  chosen  is  composed 
of  those  portfolios  that  have  the  smallest  variance  of  the  rate  of  return  for  given  levels  of  the 
expected  rate  of  return.  We  will  show  that  this  set,  termed  portfolio  frontier,  is  a  parabola  in  the 
variance-expected  rate  of  return  space  and  is  a  hyperbola  in  the  standard  deviation-expected  rate 
of  return  space.  One  of  the  fundamental  results  in  the  portfolio  theory  is  that  the  portfoUo  frontier 
has  the  two-fund  separation  property:  a  frontier  portfoUo  is  a  portfolio  of  any  two  distinct  frontier 
portfolios.  This  property  has  a  significant  implication  in  the  market  for  mutual  funds:  we  only 
need  two  mutual  funds  that  are  frontier  portfoUos  since  all  the  portfolios  that  are  possible  optimal 
choices  for  investors  are  portfoUos  of  these  two  frontier  portfolios. 
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We  now  proceed  to  derive  this  two-fund  separation  property.  We  suppose  that  there  are  jV  >  2 
risky  assets  traded  in  a  frictionless  economy.  The  rates  of  return  on  these  assets  have  finite  variances 
and  unequal  expectations.  Assumed  also  that  asset  returns  are  linearly  independent  and  thus  their 
variance-covariance  matrix  V  is  nonsingular.  Note  that  by  the  fact  that  V  is  a  variance-covariance 
matrix,  it  is  symmetric  and  positive  definite.  The  rate  of  return  on  i-th  asset  is  denoted  f,  and  the 
iV-vector  of  asset  rates  of  return  is  denoted  by  f. 

A  portfolio  is  said  to  be  a  frontier  portfolio  if  it  ha5  the  minimum  variance  among  portfolios 
that  have  the  same  expected  rate  of  return.  A  portfolio  p  is  a  frontier  portfoho  if  and  only  if  tt?p, 
the  iV-vector  portfolio  weights  of  p,  is  the  solution  to  the  quadratic  program: 

mintu     \u)^V\a 

s.t.    w^e  =  E[fp],  (16) 

w^l  =  1, 

where  e  denotes  the  jV-vector  of  expected  rates  of  return  on  the  ^V  risky  assets  and  E[fp\  denotes 
the  expected  rate  of  return  on  portfoho  p. 

Forming  the  Lagrangian,  Wp  is  the  solution  to  the  following: 

min    L  =  -w^Vw  +  X{E[fp]  -  w'^ e)  +  7(1  -  u>"^l), 

tO,A,-y  2 

where  A  and  7  are  two  positive  constants.  The  first  order  conditions  are, 

dL 
dw 


=    Vwp  -  Xe  -  fl  =  0,  (17) 


^     =     E[fp]-wJe  =  Q,  (18) 


dL 


=     l-ti»Jl  =  0,  (19) 


where  1  denotes  an  .V  x  1  vector  of  one's.  Since  V"  is  a  positive  definite  matrix,  it  follows  that  the 
first  order  conditions  are  necessary  and  sufficient  for  a  global  optimum. 
Solving  (17)  for  Wp  gives, 

Wp  =  X{V-'e)  +  -f{V-'l).  (20) 

Premultiplying  both  sides  of  relation  (20)  by  c^  and  using  (18)  gives, 

£:[r-p]  =  X{e'^V-'e)  +  -f{e^V-'l).  (21) 

Premultiplying  both  sides  of  relation  (20)  by  1     and  using  (19)  gives, 

1  =  A(rF-^ej  +  7(l"^V^"4).  (22) 

Solving  (21)  and  (22)  for  A  and  7  gives, 

CE[fp]  -  A 


X    = 


D 

B  -  AE[fp] 
D 
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where 

B    =    e^F-'e, 

c  =  rv-4, 

D    =     BC  -  A^. 

Since  V""^  is  positive  definite,  B  >  0  and  C  >  0.  We  claim  that  D  >  0.  To  see  this,  we  note  that, 

{Ae  -  BlfV-\Ae  -  51)  =  B{BC  -  A^). 

Since  the  left-handside  of  the  above  relation  is  strictly  positive,  we  have  BC  —  A^  >  0,  ov  D  >  0. 

Substituting  for  A  and  7  in  relation  (20)  gives  the  unique  set  of  portfolio  weights  for  the  frontier 
portfolio  having  an  expected  rate  of  E[fp]: 


where 


Wp  =  g  +  hE[f,],  (23) 

1 


and 


S=-^[B{V-'l)-A(V-'e)] 

h=^[C{V-'e)-A{V-'l)]. 

We  can  verify  quickly  that  g  is  the  vector  of  portfolio  weights  corresponding  to  a  frontier  portfolio 
having  a  zero  expected  rate  of  return  and  that  g  +  h  is  the  vector  of  portfolio  weights  of  a  frontier 
portfolio  having  an  expected  rate  of  return  equal  to  1.  Note  that  (23)  is  a  necessary  and  sufficient 
condition  for  Wp  to  be  the  vector  of  portfolio  weights  for  a  frontier  portfolio. 

Relation  (23)  immediately  implies  the  two-fund  separation  property.  To  see  this,  let  pi  and  p2 
be  two  distinct  frontier  portfolios  and  let  q  be  any  frontier  portfolio.  Since  E[rp^]  is  not  equal  to 
E[fp^],  there  exists  a  unique  real  number  a  such  that, 

E[f,]  =  aE[fp,]  +  {l-a)E[fp,]. 

Now  consider  a  portfolio  of  pi  and  p2  with  weights  {a,(l  -  a)}.  We  have 

awp,  +  (l  -  a)Wp,     =     a(g  +  hE[fp,])  +  {l-a){g+hE[fp,]) 

=    g  +  h^N 
=    u>,. 

Thus  the  entire  portfolio  frontier  can  be  generated  by  any  two  distinct  frontier  portfolios. 

Conversely,  (23)  also  implies  that  any  portfolio  of  two  frontier  portfolios  is  still  a  frontier  port- 
folio; that  is.  the  portfolio  frontier  is  a  linear  space.  To  see  this,  let  a  be  any  given  scalar.  Then 
the  analysis  in  the  previous  paragraph  shows  that  QU'pi  -I-  (1  -  ct)^p2  ^^^  ^^  written  in  the  form  of 
(23)  and  thus  is  a  vector  of  portfolio  weights  that  generate  a  frontier  portfolio.  A  straightforward 
generalization  of  this  argument  shows  that  a  portfolio  of  a  finite  number  of  frontier  portfolios  is 
also  a  frontier  portfolio. 
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Figure  3:  A  Portfolio  Frontier  without  a  Riskless  Asset 

Now  that  we  have  characterized  the  set  of  portfolios  from  which  optimal  portfolios  will  be  chosen, 
we  turn  our  attention  to  how  a  given  investor  makes  his  or  her  portfolio  choices.  In  preparation 
for  a  geometric  presentation  of  the  ideas,  we  first  analyze  in  some  detail  the  geometric  properties 
of  the  portfolio  frontier. 

By  definition,  the  covariance  between  the  rates  of  return  on  any  two  frontier  portfolios  p  and  q 
is, 

|(£[fp]  -  A/C){E[f,]  -  A/C)  +  i  (24) 


Cov(fp,f,)  -  ^p  ,  w. 


wJVw, 
Using  the  definition  of  the  variance  of  the  rate  of  return  of  a  portfoUo  and  (24)  gives 


cr^(fp)       {E[f,]-A/C)' 
l/C 


D/C^ 


=  1, 


(25) 


which  is  a  parabola  in  the  variance-expected  rate  of  return  space  and  is  a  hyperbola  in  the  standard 
deviation-expected  rate  of  return  space  with  center  (0,.4/C)  and  asymptotes  E[fp\  =  A/C  ± 
\/D/Ca{rp),  where  cr(rp)  denotes  the  standard  deviation  of  the  return  on  the  portfolio  p.  Figure  3 
depicts  this  hyperbola  in  the  standard  deviation-expected  rate  of  return  space. 

The  portfolio  having  the  minimum  variance  of  all  possible  portfolios,  or  the  minimum  variance 
portfolio  (mvp),  is  at  ( \/l/C,A/C)  in  Figure  3.  The  reader  may  have  noticed  by  now  that  since 
investors  prefer  expected  rate  of  return  and  dislike  variance,  they  will  never  choose  any  frontier 
portfolio  that  has  an  expected  rate  of  return  less  than  A/C.  This  follows  since  for  any  such  portfolio, 
there  exists  another  frontier  portfoUo  that  has  the  same  variance  and  has  a  strictly  higher  expected 
rate  of  return.  Thus  an  investor  will  never  choose  the  former  over  the  latter.  We  will  therefore 
call  those  frontier  portfohos  above  mvp  the  efficient  frontier  portfolios.  In  contrast,  those  frontier 
portfolios  below  mvp  wiU  be  Ccdled  inefficient  frontier  portfolios.  Using  (23),  it  is  easily  shown  that 
any  convex  combination  of  (in)efficient  frontier  portfolios  remains  to  be  an  (in)efficient  frontier 
portfolio.  Thus  the  set  of  (in)efficient  portfolios  is  a  conve.x  set. 

Since  an  investor's  preferences  can  be  captured  by  his  or  her  preferences  for  the  first  two  moments 
and  he  or  she  prefers  expected  rate  of  return  and  dislikes  variance,  his  or  her  preferences  can  be 
represented  by  upward  sloping  indifference  curves  in  Figure  3.  Note  that  an  indifference  curve 
traces  through  the  combinations  of  standard  deviations  and  expected  rates  of  return  that  give  the 
investor  the  same  level  of  satisfaction.  The  indifference  curve  that  is  most  further  to  the  northwest 
gives  the  highest  level  of  satisfaction.  The  optimal  portfolio  for  an  investor  is  then  determined  by 
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the  tangent  point  between  his  indifference  curves  and  the  portfolio  frontier  as  indicated  by  o  in 

Figure  3. 

The  above  analysis  assumes  that  there  does  not  exist  a  riskless  asset.  When  there  exists  a 
riskless  asset,  we  can  simply  our  analysis  a  bit.  Still  let  w  denote  the  iV-vector  portfolio  weights 
on  risky  assets.  Then  (1  —  w^l)  is  the  portfolio  weight  on  the  riskless  asset.  Define  the  portfolio 
frontier  as  in  the  case  of  all  risky  cissets.  Then  Wp  is  an  iV- vector  of  portfolio  weights  on  risky  assets 
for  a  frontier  portfolio  having  expected  rate  of  return  E[fp]  if  it  is  a  solution  to 

minu)     \w^Vw  ,     . 

s.t.    w^e  +  {l-w^l)rf  =  E[fp],  ^^""^ 

where  rj  is  the  rate  of  return  on  the  riskless  asset.  Forming  the  Lagrangian,  the  first  order  necessary 
and  sufficient  conditions  for  Wp  to  be  the  solution  to  (26)  are 


and 

Solving  for  Wp,  we  have 


Vwp  =  X{e-rjl) 
rf  +  wj{e-  rjl)  =  E[fp]. 

y,^  =  V-\e-rjl)^^^,  (27) 

where  H  =  (e  —  r^l)''"V~  (e  -  r^l)  =  B  —  2tjA  +  tjC.  The  variance  of  the  rate  of  return  on 
portfolio  p  is, 

a\fp)  =  <V«,,  =  IM^EJ^.  (28) 

Thus,  the  portfolio  frontier  of  all  asset  is  composed  of  two  half-lines  emanating  from  the  point 
(0,r/)  with  slope  \/H  and  —y/H.  The  half-line  with  a  positive  slope  is  the  efficient  portfolio 
frontier;  while  the  half-line  with  a  negative  slope  is  the  inefficient  portfolio  frontier.  One  can 
show  that  if  rj  <  A/C,  which  is  the  case  of  interest,  the  efficient  portfolio  frontier  is  the  half-line 
emanating  from  (0,r/)  that  is  tangent  to  the  portfolio  frontier  of  risky  assets;  see  Figure  4.  The 
frontier  portfolios  above  the  tangent  portfolio  e  are  constructed  by  borrowing  at  the  riskless  asset 
and  investing  this  fund  together  with  the  initial  wealth  in  the  tangent  portfolio  e.  The  frontier 
portfolios  between  mvp  and  e  are  convex  combinations  of  them.  And,  the  frontier  portfolios  below 
mvp  are  constructed  by  short-selling  the  tangent  portfoUo  e  and  investing  the  proceeds  from  the 
short-sale  and  the  initial  wealth  in  the  riskless  asset. 

The  optimal  portfolio  for  an  investor  is  again  determined  by  the  tangent  point  between  an 
indifference  curve  and  the  portfolio  frontier;  see  Figure  4. 

This  concludes  our  discussion  on  the  basics  of  the  static  portfolio  theory. 

3     Further  Results  on  the  Mathematics  of  the  Portfolio  Frontier 

VV^e  report  in  this  section  some  more  mathematical  properties  of  the  portfolio  frontier  in  preparation 
for  introducing  the  Capital  Asset  Pricing  Model  (CAPM).  A  clear  understanding  of  these  properties 
will  help  us  in  the  nest  section  focus  on  the  economics  of  the  CAPM. 
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Figure  4:  A  Portfolio  Frontier  with  a  Risldess  Asset 


First,  consider  the  case  where  there  is  no  riskless  asset.  We  start  by  recording  a  special  property 
of  the  mvp:  the  covariance  of  the  rate  of  return  on  mvp  and  that  on  any  portfolio  (not  necessarily 
on  the  frontier)  is  always  equal  to  the  variance  of  the  rate  of  return  on  mvp.  To  see  this,  consider 
a  portfolio  of  mvp  and  any  portfolio  p  with  weights  1  -  a  and  a  and  with  minimum  variance.  Since 
mvp  has  the  minimum  variance  among  all  portfohos,  a  =  0  must  be  the  solution  to  the  following 
program: 

min a^a^(fp)  +  2a(l  -  a)Cov(fp,f„^)  +  (1  -  afa'^{r^^). 


'  pi  '  mvp 

The  first  order  necessary  and  sufficient  condition  for  a  =  0  to  be  the  solution  is 


Cov(  fp,f„^)   =  C7^(f 


mvp  j 


(29) 


which  was  to  be  proved. 

Next  we  introduce  two  key  properties  that  will  be  useful  to  our  derivation  of  the  CAPM.  First, 
for  any  portfolio  p  on  the  frontier,  except  for  mvp,  there  exists  a  unique  frontier  portfolio,  denoted 
by  zc{p),  which  has  a  zero  covariance  with  p.  Second,  the  expected  rate  of  return  on  any  portfolio 
has  an  exact  linear  relation  with  the  expected  rates  of  return  on  a  frontier  portfolio  p  ^  mvp  and 
on  zc{p). 

Setting  the  covariance  between  two  frontier  portfolios  p  and  ~c(p),  given  in  relation  (24),  equal 
to  zero.  Solving  for  the  expected  rate  of  return  on  zc{p),  we  get  : 


Fff      1      4/r     _£I£L_ 


(30) 


It  is  confirmed  from  relation  (30)  that  there  does  not  exist  a  frontier  portfolio  that  has  zero  covari- 
ance with  m.vp  as  evidenced  in  (29). 

Equation  (30)  gives  us  a  clue  to  the  location  of  zc{p).  If  p  is  an  efficient  frontier  portfolio,  then 
(30)  implies  that 

£;[f,,,p)]  <  A/C. 

Thus  zc{p)  is  an  inefficient  frontier  portfolio.  Similarly,  if  p  is  an  inefficient  frontier  portfolio,  the 
zc{p)  is  an  efficient  frontier  portfolio.  Geometrically  zc{p)  can  be  located  by  the  following  fact:  in 
the  standard  deviation-expected  rate  of  return  space,  the  intercept  on  the  expected  rate  of  return 
axis  of  the  line  tangent  to  the  portfolio  frontier  at  the  point  associated  with  any  frontier  portfolio 
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p  is  E[f:c(p)]'i  see  Figure  3.  To  see  this,  we  first  differentiate  (25)  totally  with  respect  to  cr{fp)  and 
E[fp]  to  obtain 

dEjfp]  ^      (r{fp)D 

dcr(fp)~  CE[fp]-A' 

which  is  the  slope  of  the  portfolio  frontier  at  the  point  {(T{fp),  E[fp])  .  The  expected  rate  of  return 
ajcis  intercept  of  the  tangent  line  is  just 

Now  we  consider  the  relationship  between  the  expected  rate  of  return  on  any  portfolio  q  (not 
necessarily  on  the  frontier),  and  those  on  the  frontier  portfolios.  Let  p  be  a  frontier  portfolio  other 
than  the  mvp,  and  let  q  be  any  portfoho.  The  covariance  of  Vp  and  fg  is 

Cov(  fp,f,)     =     wJVw^ 

=     A£[f,]  +  7.  (31) 

Substituting  A  and  7  into  (31)  gives, 

E[^]  =  ^[Mp)]  +  ^v{E[rp]  -  £[r.c(p)]),  (32) 

where  /3gp  =  Cov(r,,rp)/cr^(fp).  Equation  (32)  says  that,  for  a  fixed  frontier  portfolio  p  which  is 
not  mvp,  there  exists  a  linear  relation  between  the  expected  rate  of  return  of  any  portfolio  q  and 
its  "beta"  with  respect  to  any  frontier  portfolio  p  /  mvp,  /3,p.  If  p  is  on  the  efficient  frontier, 
then  the  higher  the  /3,p,  the  larger  the  expected  rate  of  return  on  q  in  excess  of  that  on  p,  since 
E[fp]  >  £[f,,(p,]. 

Next  we  consider  the  case  where  there  exists  a  riskless  asset  with  a  rate  of  return  rj.  A  relation 
similar  to  (32)  can  be  derived.  Let  q  be  any  portfolio,  with  to,  the  portfolio  weights  on  the  N  risky 
assets.  Also,  let  rVp  be  the  portfolio  weights  on  the  N  risky  assets  of  a  frontier  portfolio  p.  We 
assume  that  E[rp]  /  rj.  Then, 

Cov(f,,fp)     =     wJVwp 

iE[f,]-rf){E[fp]-rf) 
H 

Using  (28),  we  obtain 

E[f,]  =  rf  +  l3,p{E[fp]  -  rj).  (33) 

That  is,  there  exists  a  linear  relation  between  the  expected  rate  of  return  on  any  portfolio  q  and 
its  "beta"  with  respect  to  a  frontier  portfolio  p  -^  m,vp. 

Note  that  (32)  and  (33)  are  mathematical  relations.  Given  a  collection  of  random  variable  with 
finite  variances,  these  two  relations  will  always  be  valid. 
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4    The  Capital  Asset  Pricing  Model 

Now  we  are  ready  to  present  the  implication  of  the  static  portfolio  theory  on  the  equilibrium 
expected  rates  of  return  on  assets,  or  the  CAPM.  Assume  throughout  that  investors  prefer  to  hold 
efficient  frontier  portfolios  and  that  if  there  exists  a  riskless  asset,  it  is  in  zero  net  supply. 

Let  Wq  >  0  be  investor  I's  initial  wealth,  and  let  Wij  be  the  optimal  proportion  of  the  initial 
wealth  invested  in  the  j-th.  risky  asset  by  investor  i.  The  total  wealth  in  the  economy  is 

/ 

t=l 

where  /  is  the  total  number  of  investors  in  the  economy.  In  the  market  equilibrium,  the  total  wealth 

^Vmo  is  equal  to  the  total  value  of  assets.  Since  the  riskless  asset,  if  it  exists,  is  in  zero  net  supply, 

the  total  value  of  assets  is  equal  to  the  total  value  of  risky  assets.  Let  Wmj  denote  the  proportion 

of  the  total  wealth  contributed  by  the  total  value  of  j'-th  risky  security.   For  markets  to  clear,  we 

must  then  have 

/ 

^  !£»,_,  1^(5   =    WmjWrnO- 
;=1 


This  relation  is  equivalent  to 


IV" 

where  we  note  that  j^r^  >  0  and 


,=i        ^^'"^0 


1. 


Thus,  the  portfolio  weights  for  the  market  portfolio,  ti'^j's,  are  a  convex  combination  of  the  optimal 
portfolio  weights  for  investors  in  an  market  equilibrium. 

We  take  two  cases.  Case  1:  there  is  no  riskless  asset.  By  the  hypothesis  that  investors  prefer 
to  hold  efficient  frontier  portfolios,  the  market  portfolio,  being  a  convex  combination  of  investors' 
optimal  portfolios  in  equilibrium,  is  an  efficient  frontier  portfolio.  By  the  two-fund  separation 
property  of  the  portfolio  frontier,  the  two  separating  mutual  funds  in  equilibrium  can  be  chosen, 
for  example,  to  be  the  market  portfolio  and  its  zero-covariance  portfolio. 

Moreover,  since  the  market  portfolio  is  on  the  portfolio  frontier,  (.32)  implies  that,  for  any 
portfolio  q, 

E[rq]  =  E[f,^(^)]  +  pg^{E[f^]  -  £[r,,(^)]),  (34) 

where 

^m   —    /   ,  ^'rnj  ^j 
J  =  l 

is  the  rate  of  return  on  the  market  portfolio,  and 


Pam   — 


Cov(  f^,r^) 


\ar(r„) 
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Figure  5:  The  Security  Market  Line 
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Note  that  since  the  market  portfolio  is  an  efficient  frontier  portfolio,  E[fm]  -  E[f,^^^-^]  >  0.  Thus, 
the  higher  the  "'beta"  of  q  with  respect  to  the  market  portfolio,  the  larger  the  expected  rate  of 
return  on  q  in  excess  of  that  on  the  market  portfoho.  Relation  (34)  is  known  to  be  the  Zero-Beta 
Capital  Asset  Pricing  Model,  due  to  Black  (1972)  and  Lintner  (1969). 

Case  2:  there  is  a  riskless  asset.  First,  the  reader  should  convince  himself  that  if  r^  >  A/C,  then 
the  inefficient  portfolio  frontier  is  the  half-line  emanating  from  rf  that  is  tangent  to  the  portfolio 
frontier  of  ordy  risky  assets.  On  the  other  hand,  the  efficient  portfolio  frontier  is  the  half-line  from 
Tf  that  has  a  slope  y/H.  Thus  all  the  efficient  frontier  portfolios  are  constructed  by  short-selling 
the  tangent  portfolio  between  the  inefficient  portfolio  frontier  of  all  assets  and  that  of  risky  assets 
only  and  investing  the  proceeds  of  the  short-sale  and  the  initial  wealth  in  the  riskless  asset.  Since 
the  riskless  asset  is  in  zero  net  supply,  this  scenario  cannot  be  sustained  in  a  market  equilibrium 
as  every  investor  will  demand  a  positive  amount  of  the  risk  asset.  Similar  arguments  can  be  made 
when  Tf  =  A/C.  Thus  the  only  situation  consistent  with  a  market  equilibrium  is  rj  <  A/C  as 
depicted  in  Figure  4.  From  Figure  4  we  know  that  investors  will  all  be  optimally  holding  a  portfolio 
of  the  tangent  portfolio  e  and  the  riskless  asset.  The  tangent  portfolio,  being  on  the  portfolio 
frontier  of  risky  assets,  is  composed  only  of  risky  assets.  Since  e  is  the  single  risky  asset  portfolio 
that  every  investor  holds  in  equilibrium,  for  the  markets  to  clear,  it  is  necessary  that  e  is  the  market 
portfolio.  Thus  in  equilibrium,  all  investors  hold  portfoUos  of  the  market  portfolio  and  the  riskless 
asset.  The  efficient  portfolio  frontier  in  equilibrium  is  termed  the  capital  market  line. 

In  addition,  (33)  immediately  implies  that 


E[fg]  =  rj  +  f3gm{E[fm]  -  rj). 


(35) 


This  is  the  Capital  Asset  Pricing  Model  (CAFM)  independently  derived  by  Lintner  (1965),  Mossin 
(1965),  and  Sharp  (1964).  The  plot  of  (35)  in  the  beta-expected  rate  of  return  space  is  termed  the 
security  market  line;  see  Figure  5. 

To  simplify  our  discussion,  we  will  assume  henceforth  that  there  exists  a  riskless  asset. 

In  a  world  of  uncertainty,  investors  will  be  rewarded  for  the  risk  they  bear  by  investing  in  risky 
assets.  In  the  market  equilibrium,  the  reward  and  risk  relation  must  be  determined  so  that  all  risky 
assets  are  equally  attractive  or  else  investors  will  find  an  reallocation  of  their  investments  in  the 
risky  cissets  to  be  desirable  and  this  is  inconsistent  with  an  equilibrium.  In  order  for  all  assets  to 
be  equally  attractive,  riskier  assets  should  therefore  yield  higher  rewards. 

The  reward  for  asset  q  in  the  context  of  the  CAPM  is  E[fq]  —  rj,  interpreted  to  be  the  "risk 
premium"  on  asset  q.   The  mea.sure  of  risk,  however,  is  the  beta  of  an  asset  with  respect  to  the 


20 


market  portfolio.  Also,  the  rewaxd-risk  relation  is  linear  a^  described  in  (35).  Thus  the  higher  the 
''market  beta",  3qm,  of  portfolio  q,  the  higher  the  risk  premium  on  portolio  q  in  equilibrium.  In 
other  words,  the  higher  the  market  beta  of  an  asset,  the  riskier  the  cisset  is  as  viewed  by  investors 
and  thus  they  demand  a  higher  risk  premium. 

The  randomness  of  an  asset's  return  that  is  correlated  with  that  of  the  market  portfolio  is 
termed  its  systematic  risk  and  the  residual  is  termed  the  unsystematic  risk.  A  message  of  the 
CAPM  is  that  an  investors  wiU  not  be  rewarded  for  bearing  unsystematic  risks.  This  is  so,  because 
an  investor  can  diversify  away  the  unsystematic  risks  by  forming  a  large  portfolio.  In  fact,  in 
equilibrium,  all  investors  hold  a  portfolio  of  the  market  portfolio  and  the  riskless  asset  and  no 
investor  is  bearing  any  unsystematic  risk.  This  is  the  essential  reason  that  an  Jisset's  market  beta 
is  the  proper  measure  of  its  risk. 

Risky  cLSsets  whose  returns  are  positively  correlated  with  the  return  on  the  market  portfolio 
have  positive  risk  premiums.  In  such  event,  the  higher  the  asset  beta,  the  higher  the  risk  premium. 
On  the  other  hand,  assets  whose  returns  are  negatively  correlated  with  the  return  on  the  market 
portfolio  will  have  negative  risk  premium.  The  intuition  of  this  relationship  can  be  understood  as 
follows.  Consider  two  assets  A  and  B.  Asset  A  and  asset  B  have  the  same  expected  time-1  payoffs. 
However,  asset  /I's  payoff  are  positively  correlated  with  the  payoffs  of  the  market  protfolio,  while 
asset  5's  payoffs  are  negatively  correlated  with  that  of  the  market  portfolio.  That  is,  asset  A  has 
high  payoffs  when  the  economy  is  in  relatively  prosperous  states,  while  asset  B  has  high  payoffs 
when  the  economy  is  relatively  poor  states.  One  unit  of  the  payoff  is  more  valuable  in  a  relatively 
poor  state  than  in  a  relative  abundant  state.  Therefore,  asset  B  is  more  desirable,  and  its  t  price 
will  be  higher  than  that  of  asset  A.  Since  assets  A  and  B  have  the  same  expected  payoffs,  the 
expected  rate  of  return  of  asset  A  will  be  higher  than  that  for  asset  B.  In  other  words,  asset  A's 
payoff  structure  is  not  as  attractive  as  that  of  asset  B.  Therefore,  it  has  to  yield  a  higher  e.xpected 
rate  of  return  than  asset  B  to  make  itself  as  attractive  as  asset  B  in  equilibrium. 

Before  leaving  this  section,  we  caution  the  reader  to  note  that  the  economics  of  the  CAPM 
lies  not  in  the  linear  relation  among  expected  asset  returns  but  in  the  identification  of  the  market 
portfolio  to  be  on  the  efficient  portfolio  frontier.  From  the  mathematics  of  the  portfolio  frontier,  the 
linear  relation  (.32)  holds  for  ail  portfolio  q  once  a  frontier  portfolio  p  is  identified.  In  the  CAPM. 
the  market  portfolio  is  identified  to  be  on  the  efficient  portfolio  frontier  using  the  market  clearing 
condition.  This  is  the  most  important  economics  of  the  model. 

5    The  Application  of  the  Capital  Asset  Pricing  Model 

We  present  two  applications  of  the  CAPM  in  this  section.  The  first  is  in  corporate  finance  regarding 
projects  selection  and  the  second  is  in  investments  regarding  securities  selection. 

5.1     Capital  budgeting 

Let  the  random  payoff  of  a  risky  Jisset  be  y,  and  let  Sy  be  its  current  equilibrium  price.  Suppose 
that  the  CAPM  holds.   By  definition,  we  know  fy  =  yj Sy  —  1.   Using  this  definition  and  (33)  we 
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can  write 

1  +  rj 
where 

is  the  slope  of  the  capital  market  line  and 

Cov(y,f„) 


Sy  =  -m    ^vKvm^.y/^  ^3g^ 


Pym  = 


(^{yMrm) 


This  relation  gives  us  a  way  to  calculate  the  "fair  price"  or  "present  value"  of  a  risky  asset  with 
a  payoff  represented  by  y.  The  numerator  can  be  viewed  as  the  "certainty  equivalent"  of  the 
uncertain  payoff  y.  The  present  value  of  y  is  equal  to  its  certainty  equivalent  discounted  at  one 
plus  the  riskless  rate. 

Now  observe  the  following.  Let  x  be  the  random  payoff  of  another  asset  and  let  S^  be  its 
equilibrium  value.  Consider  the  combination  of  x  and  y  and  let  z  and  Sz  denote  this  combination 
and  its  current  value,  respectively.  We  will  say  that  there  is  no  synergy  of  this  combination  if 
z  =  X  +  y.  On  the  other  hand,  this  combination  creates  synergy  if  z  >  x  +  y.  When  there  is  no 
synergy,  it  is  easily  verified  that 


5.    = 


E[x  +  y]-  <i>' p{r+y)m<^{i  +  y) 

1  +  rf 
E[x]  -  4>*pj:mcr{x)       E[y]  -  d'pymcriy) 


l^rj  1  +  r; 

That  is,  value  of  x  +  ^  is  equal  to  the  sum  of  values  of  x  and  y,  or  values  are  additive. 

The  additivity  of  values  in  the  absence  of  synergy  in  a  frictionless  economy  has  one  important 
implication  for  capital  budgeting.  Since  the  proper  objective  of  a  firm  in  a  frictionless  economy 
is  to  maximize  its  value  and  since  values  are  additive,  a  firm  should  select  all  the  projects  whose 
present  values  of  future  payoffs  exceed  the  initial  costs.  For  example,  let  a  project  be  represented 
by  its  initial  cost  /q  and  a  future  random  payoff  i.  X  firm  facing  this  project  should  accept  this 
project  if  and  only  if  Sx  >  ^o  or  the  "net  present  value"  of  this  project  is  positive.  Note  that  this 
criterion  for  project  selection  is  independent  of  the  e.xisting  assets  of  the  firm.  A  firm  should  not 
accept  a  project  that  has  a  negative  net  present  value  for  the  purpose  of  diversification.  A  project 
should  be  evaluated  on  its  own  merit  using  the  net  present  value  criterion. 

Applying  the  same  principle  of  value  additivity  to  mergers  and  acquisitions  leads  to  the  conclu- 
sion that  these  activities  do  not  create  value  unless  there  exists  synergy  -  that  is,  unless  the  payoffs 
of  the  merged  firms  are  greater  than  the  sum  of  the  payoffs  of  the  individual  firms. 

The  CAPM  is  essentially  a  two  period  model.  Thus  our  discussion  above  on  capital  budgeting 
is  limited  to  capital  projects  that  last  for  two  periods:  one  has  to  make  a  decision  at  time  i  =  0 
about  whether  to  undertake  a  project  by  incurring  a  capital  outlay  now  for  /o  in  exchange  for  a 
random  cash  flow  of  x  at  time  i  =  1.  In  reality,  however,  capital  investment  projects  last  sometimes 
for  up  to  twenty  to  thirty  years.  The  conditions  under  which  the  net  present  value  analysis  using 
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CAPM  can  be  extended  to  multiperiod  economies  are  outside  the  scope  of  our  discussion  here,  to 
which  we  refer  interested  readers  to  Myers  and  TurnbuU  (1977),  for  example. 

5.2     Security  Selection 

The  analysis  of  investments  in  securities  is  similar  to  that  in  capital  budgeting.  If  all  securities  are 
priced  fairly,  then  the  optimal  portfolio  for  an  investor  is  a  mixture  of  the  market  portfolio  and 
the  riskless  asset.  However,  if  there  are  mispriced  securities  in  that  the  present  value  of  a  security 
is  different  from  its  current  market  price,  then  one  should  take  advantage  of  this  mispricing.  One 
can  identify  a  mispriced  security  by  conducting  the  present  value  analysis  described  in  section  5.1. 
Here,  however,  we  will  present  an  alternative  method  which  is  especially  suited  for  investments  in 
securities. 

Let  /o  be  the  current  market  price  of  a  security  paying  x  next  period  and  let  5x  be  its  present 
value  determined  according  to  (36).  Let  the  rate  of  return  of  investing  in  x  be  denoted  by 

r"  =  i  -  1. 
^      /o 


By  the  CAPM,  we  know 


where  we  recall  that 


P. 


=   l  +  r;+/3xm(^[rm]-r/), 

_  Co\{x/S^,rm) 


Substituting  the  definition  of  fj  into  the  above  relation  gives 

E[F,]-rj  =  a,  +  f3P^iE[fm]-rj),  (37) 

where 


and 


P'rm  = 


Cov(i//o,  r„ 


Note  that  the  asset  x  is  fairly  priced  if  Iq  =  Sx,  it  is  over-priced  if  and  only  if  /q  >  S^,  and  it  is 
under-priced  if  and  only  if  /q  <  Sr.  These  and  (37)  imply  that  the  asset  is 

fairly  priced  if  and  only  if  a^  =  0; 
over-priced  if  and  only  if  a^  <  0; 
under-priced     if  and  only  if      Qi  >  0. 

Now  we  turn  our  attention  to  how  we  empirically  identify  mispriced  securities.  First,  we  assume 
that  the  CAPM  holds  period  by  period  in  a  multiperiod  economy.  Second,  assume  that  return 
distributions  are  stationary.  Let  fjt  denote  the  rate  of  return  from  time  t  -  I  to  t  from  investing 
in  security  i.  Similarly  let  rmt  denote  the  rate  of  return  from  <  -  1  to  f  on  the  market  portfolio. 
Suppose  we  are  at  time  t  and  have  observed  realized  rates  of  return  on  security  x:  r^i,  fx2,  •  •  • ,  r^t, 
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and  on  the  market  portfolio  fmi,rm2,  ■  ■  ■  ,fmt-  By  the  hypothesis  that  return  distributions  are 
stationary,  we  can  estimate  a^  and  p^^  by  running  the  regression  of  Tu  —  rj,  on  f-ms  —  ^js- 

fr,  -  Tj,  =  Qx  +  ^l^{fm,  -  rj,)-\-lr3,       S  =  l,2,...,i, 

where  tj,  denotes  the  riskless  interest  rate  from  time  s—  1  to  5  and  q^  and  4?Tn  denote  the  estimates 
of  Qr  and  /3|j„,  respectively.  If  dj.  is  significantly  different  from  zero,  then  we  say  that  security  i 
is  not  fairiy  priced  according  to  the  CAPM.  Otherwise,  i  is  fairiy  priced.  When  dj  is  significantly 
greater  (smaller)  than  zero,  security  x  is  under-priced  (over-priced).  Note  that  Ix,  is  the  risk  at 
time  5  that  is  uncorrelated  with  the  return  on  the  market  portfolio  or  the  unsystematic  risk.  To 
simplify  notation,  we  will  use "  to  denote  an  estimate  of  a  quantity.  For  example,  the  estimate  of 
the  standard  deviation  of  the  unsystematic  risk  wiU  be  denoted  by  d[li).  One  exception  is  that 
we  will  use  fx  and  f^  to  denote  the  estimates  of  the  expected  rates  of  return  on  x  and  on  m  , 
respectively. 

The  next  question  is:  after  a  mispriced  security  is  identified,  say  an  under-priced  security,  should 
an  investor  invest  all  his  money  in  this  security?  The  answer  is  clearly  no  as  investing  solely  in 
the  security  will  expose  the  investor  to  too  much  unsystematic  risk.  On  the  other  hand,  as  we  will 
show  now,  one  can  construct  a  portfolio  of  this  mispriced  security,  the  market  portfolio,  and  the 
riskless  asset  that  has  the  same  expected  rate  of  return  as  the  market  portfolio  but  has  a  strictly 
lower  variance. 

Let  Wi  and  Wm  be  the  portfoho  weights  on  x  and  on  the  market  portfolio,  respectively.  Then 
the  expected  rate  of  return  on  this  portfolio  is  Wx^x  +  WmJ^m  +  {I  —  Wx  —  Wm)'''j,t+i-  Setting  this  to 
be  equal  to  fm  gives 

Wm  -  I 1 ^ Wx.  (38) 

rm  -  rj(t+\) 

This  gives  the  relation  between  Wx  and  Wm  for  a  portfolio  that  has  an  expected  rate  of  return  equal 
to  frn-  The  variance  of  this  portfoho  is 

where  we  have  used  the  fact  that  <7^(fP)  =  i(ilrn)^a'^ifm)  +  cr'^iix)  and  Cov{fl,fm)  =  J^^CT^(f,„). 
The  Wx  the  minimizes  the  variance  is 

^T=  ?^i ^ .  (39) 

Note  that  the  sign  of  Wx  is  determined  by  the  sign  of  dj..  Relations  (39)  and  (38)  determine 
the  weights  of  the  portfolio  that  has  the  same  expected  rate  of  return  as  the  market  and  hais  the 
minimum  variance.  It  is  straightforward  to  varify  that  this  portfolio,  say  q,  has  a  variance  that  is 
strictly  less  than  that  of  the  market  portfoho;  see  Figure  6.  Then  one  can  construct  portfolios  of  q 
and  the  riskless  asset  to  form  a  "super  efficient  portfolio  frontier". 

Any  passive  portfoho  formed  by  a  linear  combination  of  the  market  portfolio  and  the  riskless 
cisset  is  dominated  in  the  mean- variance  sense  by  a  portfolio  on  the  super  efficient  portfolio  frontier. 
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Figure  6:  The  Super  Efficient  Portfolio  Frontier 


r(r) 


An  investor  can  then  choose  his  optimal  portfolio  by  the  tangent  point  between  his  indifference 
curves  and  the  super  efficient  portfolio  frontier. 

From  the  earlier  analysis,  we  can  also  see  that  a  measurement  of  the  the  ability  of  a  portfo- 
lio manager  to  select  mispriced  securities  is  to  see  whether  his  portfolio,  say  q,  has  a  reward  to 
variability  ratio 


(7(f,) 

that  is  greater  than  the  slope  of  the  Capital  Market  Line.  More  generaJly,  a  portfolio  is  said  to 
outperform  another  portfolio  if  the  former  has  a  reward  to  variability  ratio  greater  than  that  of  the 
latter. 

6  Concluding  Remarks 

In  this  paper  we  have  briefly  reviewed  the  modern  portfolio  theory  and  the  Capital  Asset  Pricing 
Model.  Our  review  is  of  course  nowhere  complete.  Readers  interested  in  these  subjects  are  encour- 
aged to  consult  Brealey  and  Myers  (1988),  Huang  and  Litzenberger  (1988),  Merton  (1982),  and 
Sharpe  and  Alexander  (1990). 
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Contingent  Securities  Valuation 
in  Continuous  Time 

Chi-fu  Huang 


1     Introduction 

The  understanding  of  the  pricing  of  securities  whose  payoffs  are  contingent  on  the  prices  of  other 
securities  is  perhaps  the  major  achievement  of  financial  economics  in  the  past  two  decades.  The 
seminal  papers  are  Black  and  Scholes  (1973)  and  Merton  (1973),  which  deal  mainly  with  the  pricing 
of  options.  Subsequent  to  these  two  seminal  papers,  key  observations  due  originally  to  Cox  and 
Ross  (1976)  and  later  formalized  by  Harrison  and  Kreps  (1979)  have  made  possible  a  general  theory 
of  contingent  security  valuation. 

This  general  theory  of  contingent  security  valuation,  although  very  abstract,  turns  out  to  have 
profound  implications  in  financial  engineering.  For  a  practioner,  one  does  not  need  to  know  the 
intricate  workings  of  the  theory.  One  just  has  to  verify  some  regularity  conditions  and  follow  several 
mechanical  steps  to  value  a  contingent  security.  As  a  by-product  of  the  vjduation  procedure,  one 
can  also  compute  a  dynamic  trading  strategy  that  "replicates"  the  payoffs  of  a  contingent  security. 

Rather  than  developing  the  general  theory  here,  which  is  way  beyond  the  scope  of  the  current 
paper,  we  will  try  to  introduce  the  main  ideas  behind  it.  The  model  we  use  for  this  purpose  is 
the  model  originally  due  to  Samuelson  (1965)  and  Black  and  Scholes  (1973),  where  a  geometric 
Brownian  motion  is  used  to  represent  the  price  dynamics  of  a  risky  security  and  the  riskless  interest 
rate  is  a  constant.  We  will  show  that  any  security  whose  payoffs  depend  on  the  historical  prices  of 
the  risky  security  has  a  well-defined  value.  This  will  be  done  by  demonstrating  that  such  payoffs 
can  be  "replicated"  by  a  dynamic  trading  strategy  in  the  risky  security  and  in  the  riskless  security. 
In  particular,  we  will  calculate  the  value  of  a  European  call  option  written  on  the  risky  security 
to  arrive  at  the  Black-Scholes  option  pricing  formula.  We  will  also  demonstrate  how  one  finds  the 
replicating  strategy  for  the  call  option. 

Even  for  this  simple  model,  we  cannot  hope  to  make  a  presentation  that  is  complete  with 
technical  details.  We  will  at  times  simply  state  the  formal  results  without  proofs  and  refer  the 
reader  to  the  relevant  references. 

The  rest  of  this  paper  is  organized  as  follows.  Section  2  formulates  our  model  and  shows  that  all 
contingent  securities  have  well-defined  values.  In  Section  3,  the  Black-Scholes  option  pricing  formula 
is  discussed  and  the  mechanics  of  the  valuation  procedure  is  recorded.  Section  4  provides  some 
generalizations  of  the  results  of  earlier  sections  and  Section  5  contains  some  concluding  remarks. 
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2     Formulation 

Consider  a  securities  market  that  has  one  risky  and  one  riskless  asset.  We  will  only  be  interested  in 
contingent  securities  having  payoffs  only  at  time  T  >  0  that  depend  upon  the  historical  realizations 
of  the  prices  of  the  risky  security.  Assume  that  on  the  time  interval  [0,T]  the  risky  security  does 
not  pay  dividends  and  its  price  process  5  =  {5(<);  t  G  [0,T]}  follows  a  geometric  Brownian  motion: 

S{t)  =  exp  Ufi  -  ^a)t  +  aw{t)\  ,      (  G  [0,T],  (40) 

where  w  =  {w{t);t  £  [0,T]}  is  a  standard  Brownian  motion  under  a  probability  P.^  Using  Ito's 
lemma,  we  can  express  (40)  in  differential  form  as 

dS{t)  =  ^S{t)dt  +  aSit)dw(t)     t  e  [0,T],  S{0)  =  I.  (41) 

Thus  /x  is  the  instantaneous  expected  rate  of  return  on  the  risky  security  and  a  is  the  standard 
deviation  on  the  instantaneous  rate  of  return  on  the  risky  security.  The  price  at  time  (  of  the 
riskless  security  is 

B{t)  =  exp{rt}      te[0,T]. 

Equivalently  we  can  write 

dB{t)  =  rB{t)dt     t  E  [0,T],  B{0)  =  I. 

The  riskless  security  can  be  thought  of  as  a  savings  account  that  pays  a  constant  instantaneous 
interest  rate  r.  Thus  if  one  invests  one  dollar  in  the  riskless  security  at  time  t,  then  the  value  of 
ones  investment  at  time  s  >  t  is  exp{r(5  —  t)}.  These  two  securities  will  hence  be  called  long-lived 
securities  as  they  are  available  for  trading  all  the  time  in  [0,T]. 

If  a  statement  holds  with  probability  one  with  respect  to  P  we  will  say  that  the  statement  holds 
P-almost  surely,  or  simply  P-a.s. 

A  contingent  security  is  represented  by  a  random  variable  x  whose  value  depends  upon  the 
historical  realizations  of  S  from  time  0  to  time  T.  We  interpret  x  to  be  the  payoff  of  a  contingent 
security,  which  is  delivered  at  time  T.  For  technical  reasons,  we  will  focus  our  attention  to  those 
contingent  securities  whose  payoffs  x  have  a  finite  second  moment;  that  is,  ^[x^]  <  oo,  where  E[-] 
is  the  expectation  under  P.  Denote  this  space  of  contingent  security  by  L^{P). 

Investors  in  the  market  can  trade  in  the  two  long-lived  securities  any  time  (  G  [OiT].  Let  a{t) 
and  9(t)  be  the  numbers  of  shares  of  the  riskless  security  and  the  risky  security  held  at  time  (.  A 
natural  informational  constraint  on  a{t)  and  9{t)  is  that  their  values  can  only  depend  upon  the 
realizations  of  5  from  time  0  to  time  t.  A  trading  strategy  is  said  to  be  self-financing  if  for  all 
«G[0,T], 

a{t)B{t)-\-e{t)S{t)  =  a{0)B(Q)  +  6{Q)S{0)-\-   f  a{s)dBis) -^   f  9{s)dS{s)     P-a.s.         (42) 

Jo  Jo 

That  is,  the  value  of  the  portfolio  the  trading  strategy  holds  at  time  t  is  equal  to  the  initial  cost  of 
the  strategy  plus  the  accumulated  capital  gains/losses  from  trading.  After  the  initial  investment, 


A  standard  Brownian  motion  w  under  P  is  a  process  having  continuous  sample  paths,  stationary  independent 
increments,  and  w(t)  is  a  Normally  distributed  random  variable  with  mean  zero  and  variance  t  under  P. 

28 


there  is  neither  additional  fund  invested  into  nor  funds  withdrawn  out  of  the  strategy  and  thus  the 
name  of  the  trading  strategy. 

Note  that  implicit  in  the  above  definition  of  a  self-financing  trading  strategy  is  the  hypothesis 
that  the  integrals  of  (42)  are  well-defined.  We  refer  the  readers  to  Liptser  and  Shiryayev  (1977, 
chapter  4),  for  example,  for  the  definition  of  an  integral  involving  a  Brownian  motion  or  an  ltd 
integral. 

A  contingent  security  i  G  L^(P)  is  said  to  be  marA'eted  if  there  exists  a  self-financing  trading 
strategy  {a, 6)  so  that  x  =  a{T)B{T)  +  6{T)S{T)  P-a.s.  In  such  event,  we  will  often  say  i  is 
financed  by  {ct,d).  In  words,  a  contingent  security  is  marketed  if  one  can  find  a  self-financing 
trading  strategy  so  that  the  value  of  the  strategy  at  time  T  is  equal  to  x  with  probability  one,  or  i 
can  be  ''replicated"  by  dynamic  trading  in  the  two  long-lived  securities.  It  should  be  clear  that  if 
a  contingent  security  is  financed  by  two  different  self-financing  strategies,  the  initial  investments  of 
these  two  strategies  must  be  the  same  if  there  are  no  arbitrage  opportunities  (to  be  defined  formally 
shortly).  Then  the  value  of  the  contingent  security  at  any  time  (  is  well-defined  and  is  equal  to  the 
value  of  its  replicating  portfoHo  at  that  time. 

Our  task  here  is  to  determine  which  contingent  securities  are  marketed  and  what  are  the  "fair" 
prices  for  them.  Before  we  proceed,  however,  we  have  to  make  sure  that  the  model  we  have  written 
down  is  reasonable  in  that  something  cannot  be  created  from  nothing,  or  no  arbitrage  opportunities 
are  present,  so  that  marketed  contingent  securities  have  well-defined  prices.  Formally,  an  arbitrage 
opportunity  is  a  contingent  security  x  G  L^{P)  that  is  financed  by  a  self-financing  trading  strategy 
(q,^)  so  that  I  >  0  P-a.s.  and  x  #  0,  and  q(0)5(0)  -f-  ^(0)5(0)  <  0.  In  other  words,  an  arbitrage 
opportunity  is  a  self-financing  trading  strategy  that  requires  zero  or  negative  initial  investment 
but  can  produce  a  payoff  that  is  positive  and  nonzero.  If  such  a  trading  strategy  exists,  the  price 
processes  (5,5)  can  never  occur  in  any  economic  equilibrium  els  an  investor  will  take  an  infinite 
position  in  the  strategy  and  the  market  will  not  clear. 

It  is  knowTi  that  the  existence  of  a  probability  measure  Q  that  has  the  same  probability  zero 
sets  as  the  probability  P  does  and  under  which  the  normalized  price  process  S'  =  {S'{t)  = 
S(t)l B{t)\t  G  [0,r]}  is  a  martingale  is  a  necessary  and  sufficient  condition  for  there  not  to  be 
arbitrage  opportunities  in  a  discrete  time  discrete  state  model;  see  Huang  and  Litzenberger  (1988, 
chapter  8)  and  see  the  example  in  Huang  (1990a,  section  4).  Two  probability  measures  having 
the  same  probability  zero  sets  are  said  to  be  equivalent  probabilities.  Thus  Q  wiU  be  termed 
an  equ;va/ent  martingale  measure.  (Note  in  Huang  (1990a)  that  the  word  "'equivalent"  was  not 
mentioned  for  brevity.  The  martingale  measure  constructed  there  was  indeed  equivalent,  however.) 

In  a  continuous  time  model,  (under  some  regularity  conditions)  the  existence  of  an  equivalent 
martingale  mecisure  is  stiU  a  necessary  condition  for  the  absence  of  arbitrage  opportunities.  In 
our  model,  we  now  demonstrate  that  this  necessary  condition  is  met.  We  will  accomplish  this  by 
construction. 

Put 


{-i(*V^)-(^)"'<"}    -l"'^!- 


T]{t)  =  exp|-- 
Using  the  fact  that  w{t)  is  normally  distributed  and  thus  r/(f )  is  lognormally  distributed,  one  quickly 
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verifies  that  E[T](t)]  =  1  for  all  t  G  [0-,T].  Hence  we  can  define  a  probability  Q  by 

Q{A)=   f  r^{u,T)P{<kj) 

JA 

for  all  events  A  that  are  defined  by  the  historical  realizations  of  S  from  (  =  0  to  i  =  T,  where  u 
denotes  one  of  these  possible  realizations. 

We  prove  below  that  Q  is  an  equivaient  martingaie  measure.  First,  cls  Tf{T)  is  lognormally 
distributed,  it  is  strictly  positive  P-a.s.  This  immediately  implies  that  Q  is  equivcdent  to  P .  Since 
P  and  Q  have  the  same  probability  zero  sets,  we  will  hence  simply  use  a.s.  to  denote  zdmost  surely 
with  respect  to  either  probabilities. 

Before  proceeding,  we  record  a  mathematical  result,  the  celebrated  Girsanov  theorem: 

Lemma  2.1   Suppose  that 

C(T)  =  exp  l-'^  £ ^'{s)ds  +  J^ I3is)dw{s)\ 

for  some  process  (5  with  /q   \P{t)\^dt  <  co  P-a.s.  and  that  £'[C(T)]  =  1.   Then  the  process 

w{t)  =  w{t)  -  f  P{s)dwis)     t  e  [0,T]  (43) 

Jo 

is  a  standard  Brownian  motion  under  the  probability 

Q(A)=   f  a^,T)P{du) 

JA 

for  all  events  A  that  are  defined  by  the  historical  realizations  of  S  from  t  =  0  to  t  =  T . 

Proof.     See,  for  example,  Liptser  and  Shiryayev  (1977,  6.3).      I 
From  Girsanov  theorem,  we  know  that  under  Q 

w'{t)  =  w{t)  +  f^—^t,     t  G  [0,r]  (44) 

is  a  standard  Brownian  motion.  Next  note  that  Ito's  lemma  adlows  us  to  write 

dS'{t)  =  d{S{t)/B{t))    =  (/i  -  r)S'it)dt  +  cTS'{t)dw{t) 

=  (m  -  r)S'{t)dt  +  aS'{t)  (^dw'{t)  -  ^dt)  (45) 

=  (jS'(t)dw'{t). 

Or  equivalently. 


S'{s)  =  5*(f)exp  [-^'^'^{s  -  0  +  o{w'{s)  -  w'{t))\  ,      s>t. 
Taking  the  conditional  expectation  of  S'[s)  under  Q  at  time  t  gives 

E-[S'{s)\J't]  =  S'{t)     Q  -  a.s., 
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(46) 


where  Tt  denotes  the  information  one  has  at  time  t  by  observing  the  prices  of  the  risky  long-lived 
security  from  time  0  to  time  t  and  £*[-|/(]  is  the  conditional  expectations  operator  under  Q  given 
!Ft.  This  shows  that  S'  is  a  martingale  under  Q  and  Q  is  an  equivalent  martingale  measure. 
Technical  arguments  can  further  show  that  Q  is  actually  the  unique  equivalent  martingale  measure 
since  the  Brownian  motion  is  one  dimensional  and  there  is  one  risky  security. 
Using  (41)  and  (44),  we  can  write 

dS{t)  =  rS{t)dt  +  aS{t)dw'{t),      iG  [0,r],  5(0)  =  1.  (47) 

That  is,  under  the  equivalent  martingale  measure  Q,  the  instantaneous  expected  rate  of  return  on 
the  long-lives  risky  security  is  equal  to  the  riskless  interest  rate.  For  this  reason,  Q  is  also  called 
the  risk  neutrai  probability  as  in  a  world  where  all  the  investors  are  risk  neutral,  in  equilibrium,  it 
is  necessary  that  all  securities,  risky  a^  well  cis  riskless,  must  be  making  the  same  rate  of  return. 

Without  further  restriction  on  the  trading  strategies  other  than  the  requirement  that  the  Ito 
integral  of  (42)  is  well  defined,  it  is  known  that  arbitrage  opportunities  exist.  A  strategy  that 
mimics  the  doubling  of  one's  bet  in  a  roulette  has  been  shown  by  Harrison  and  Kreps  (1979)  to 
create  an  arbitrage  opportunity.  A  discussion  of  the  proper  restriction  on  the  trading  strategies 
is  outside  the  scope  of  this  paper,  for  which  we  refer  the  reader  to  Dybvig  and  Huang  (1989)  and 
Pages  (1989).  Here  we  simply  say  we  will  restrict  our  attention  to  those  self-financing  trading 
strategies  (a,^)  so  that 

:t)['dt 


f  \eit)Sit 
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<  oo. 


Denote  this  space  of  trading  strategies  by  H^{P). 

We  now  show  that  no  arbitrage  opportunities  can  be  created  using  strategies  from  H^{P).  First 
note  that  if  x  G  L^{P)  is  financed  by  a  self-financing  trading  strategy  (q,^),  then  the  value  of  the 
strategy  at  time  t  in  units  of  the  riskless  security  is  q(()  +  6{t)S'{t),  which  by  Ito's  lemma  can  be 
expressed  as 

a{t)  +  e{t)S'{t)  =  a(0)  +  e{0)S'{0)  +  /  9(s)dS'{s).  (48) 

Jo 

Pages  (1989)  shows  that  if  (a,^)  G  H^{P),  then  the  ltd  integral  on  the  right-hand  side  of  (48)  is  a 
martingale  under  Q.  Thus  taking  expectations  under  Q  on  both  sides  gives 

E'  [a{t)  +  9{t)S'it)]  =  q(0)  +  ^(0)5*(0).  (49) 

This  is  the  first  main  result  of  this  paper.  The  expectation  under  Q  is  the  "present  value  opera- 
tor"that  gives  the  time  zero  value,  in  units  of  the  riskless  security,  of  a  random  payoff  delivered  at 
any  time  after  time  zero.  In  particular,  since  ot{T)  +  6{T)S'{T)  =  xe"""-^,  (49)  implies  that 

£*[ie-"^]  =  Q(0)  +  ^(0)5'(0). 

That  is,  the  value  at  time  zero  of  a  marketed  contingent  security,  in  units  of  the  riskless  security, 
is  equal  to  the  expectation  under  Q  of  the  contingent  security's  payoff  at  T  in  units  of  the  riskless 
security. 
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Similar  arguments  show  that 

a{t)  +  6it)S'it)  =  E'  [xe-''^\Tt]  •  (50) 

That  is,  the  value  over  time  of  a  marketed  contingent  security,  in  units  of  the  riskless  security,  is  a 
martingale  under  the  equivalent  martingcde  measure. 

Now  we  are  ready  to  show  that  H^{P)  does  not  contain  any  arbitrage  opportunities.  Suppose  on 
the  contrary  that  there  is  (q,i9)  e  n^{P)  with  a(0)5(0)+^(0)5(0)  <  0  and  a{T)B{T)+e{T)S{T)  > 
0  a.s.  and  a{T)B{T)  +  6{T)S{T)  j^  0.  By  (49)  we  know  that 

a(0)5(0)  +  ^(0)5(0)  =  B{0)E'[a{T)  +  9{T)S'iT)]. 

Since  a{T)  +  e{T)S'{T)  =  {a{T)B(T)  +  9{T)S{T))e-''^  is  positive  and  nonzero  respect  to  both  P 
and  Q  by  hypothesis,  the  right-hand  side  of  the  above  relation  is  strictly  positive.  This  contradicts 
the  hypothesis  that  the  left-hand  side  is  less  than  or  equal  to  zero.  Hence  there  are  no  arbitrage 
opportunities. 

So  the  lessen  to  remember  so  far  is  that  our  model  is  a  reasonable  one  in  that  there  are  no 
arbitrage  opportunities  and  thus  marketed  contingent  securities  have  weU-defined  prices.  More 
important,  in  the  model,  in  units  of  the  riskless  security,  not  only  the  prices  over  time  of  the  risky 
long-lived  security  but  also  those  of  the  marketed  contingent  securities,  form  a  martingale  under 

Q- 

At  first  sight,  the  above  martingale  connection  of  the  prices  of  marketed  contingent  securities 
does  not  seem  to  be  very  helpful  if  one  can  identify  a  marketed  contingent  security  only  by  first 
demonstrating  its  replicating  strategy.  Thus  the  martingale  connection  does  not  help  us  calculate 
the  prices  over  time  of  a  marketed  contingent  security  as  we  know  those  prices  already  once  we 
know  the  replicating  strategy. 

What  we  will  show  next  is  that  some  abstract  arguments  can  be  made  to  show  that  all  the 
contingent  securities  in  L^{P)  are  marketed  without  explicitly  demonstrating  each  and  every  repli- 
cating strategy.  Then  the  martingale  connection  becomes  extremely  useful  cis  we  can  then  calculate 
the  values  over  time  of  each  and  every  contingent  security  simply  by  evaluating  conditional  expecta- 
tions. The  reader  will  later  find  out  that  in  many  situations,  the  ability  to  calculate  the  values  over 
time  of  a  contingent  security  also  provides  a  way  to  construct  the  contingent  security's  replicating 
strategy. 

First  note  that  if  we  can  show  for  any  x  £  L^{P)  there  exists  a  process  9  with 


<  oo 


so  that  for  all  f, 


then  by  defining 


/    \9{t)S{t)\^dt 
Jo 

E'[xe-''^\Tt]  =  E'[xe-''^]  +  /  9is)dS'{s),  (51) 

Jo 


a{t)  =  E'[xe-''^\Tt]  -  9{t)S'{t),  (52) 

one  can  show  using  Ito's  lemma  that  x  is  financed  by  {a,  9)  G  H^{P).  Using  a  martingale  represen- 
tation theorem  due  originally  to  Kunita  and  Watanabe  (1965),  Pages  (1989)  did  just  that.  Thus 
all  contingent  securities  are  marketed  and  their  prices  over  time  are  determined  according  to  (50). 

32 


3     Black-Scholes  Option  Pricing  Formula 

We  trun  in  this  section  our  attention  to  some  applications  of  the  model  developed  in  the  previous 
section.  In  particular,  we  will  calculate  the  prices  over  time  of  a  European  call  option  written  on 
the  risky  long-lived  security  with  a  maturity  date  T  and  an  exercise  price  K.  This  is  a  financial 
contract  that  gives  its  owner  the  right  to  buy  one  share  of  the  risky  long-lived  security  for  a  price 
A"  at  time  T.  At  the  maturity  date  of  this  option,  one  will  exercise  the  right  to  purchase  if  and 
only  if  S{T)  >  K.  Otherwise,  the  option  will  expire  worthless.  Thus  the  payoff  at  time  T  of  this 
contract  is 

max[5(T)-ii',0]. 

From  the  discussion  in  Section  2,  we  know  that  this  call  option  is  marketed  and  whose  price  at 
time  t,  C{t),  by  (50)  is 

C{t)  =  e''E'[xmx.[S{T)  -  K ,Q]e-''^ \Tt]  =  e^'E'[max[5*(T)  -  Ke-''^ ,Q\\Tt\. 

By  the  fact  that  a  Brownian  motion  has  independent  increments,  the  distribution  of  S'{T)  con- 
ditional iFt  only  depends  on  S'{t).  Recall  then  from  (46)  that  under  Q,  S'{T)  is  lognormally 
distributed  conditional  on  S'{t).  We  can  thus  evaluate  the  conditional  expectation  explicitly  to  get 


C{t)  =  S{t)N{di)  -  Ke-'^'^-''>N{di  -  as/T^t),  (53) 

where 

,  ln(5(()/K)-l-r(r-t)  +  ^g^(T-t) 

'^1   = o^rr^i   ' 

and  iV(-)  denotes  the  cumulative  distribution  function  of  a  standard  Normal  random  variable.  This 
is  the  option  pricing  formula  due  originally  to  Black  and  Scholes  (1973)  and  developed  further  by 
Merton(1973). 

Besides  the  parameters  of  the  model  such  as  a,  r,  and  T,  the  option  price  at  time  t  depends  on 
the  price  of  its  underlying  asset  S(t),  the  e.xercise  price  A',  and  the  time  (.  It  does  not  depend  on 
|J,.^^  For  brevity  of  notation,  we  will  suppress  the  dependence  of  C{t)  on  cr,  r,  T  and  A',  and  write 

C(t)  =  C{S{t),t). 

Next  we  will  show  that  the  trading  strategy  that  finances  the  call  option  can  actually  be  con- 
structed from  C{S{t),t)  by  differentiation.  For  this,  we  wiU  use  the  martingale  property  oiC{t)e~''^. 
Since  C{S{t),t)  is  twice  continuously  differentiable  in  S{t)  and  continuously  differentiable  in  t  when 
t  <  T,  Ito's  lemma  allows  us  to  write 

diC{Sit),t)e-^') 

time  trend 


^e-''Css{S{t),t)S^{ty  +  re-''Cs{S{t),t)S{t)  -  re-''C{S{t),t)  +  e-''CtiSit)J] 


dt 


+e-''Cs{S{t),t)S{t)(Tdw'{t), 

■"The  reason  that  the  option  price  is  independent  of  fi  is  outside  the  scope  of  this  paper.  The  interested  reader  is 
referred  to  Huang  (1989)  for  a  discussion. 
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where  we  have  used  Cs  and  Css  to  denote  the  partial  and  the  second  partial  derivative,  respectively, 
of  C  with  respect  to  5,  and  Ct  to  denote  the  partial  derivative  of  C  with  respect  to  t.  Since 
C(5(f),<)e~'''  is  a  martingale  under  Q,  it  must  not  have  any  time  trend.  Thus  it  must  be  that 


0     =     e-^'[\Css{S{t\  t)S\t)a^  +  rCs{S[t),  t)S{t) 
-rC(5(0,0  +  Ct(5(0,0), 


(54) 


for  all  possible  S{t)  and  t  <  T.   We  will  come  back  to  this  equation  a  little  later.  For  now,  (54) 
implies  that 

C{Sit),t}e-''     =     C{S{0),0)+  f  e-''Cs{S{s),s)S{s)(Tdw'{s) 

Jo 

=   c(5(0),0)  +  /  CsiS(s),s)dS'{s)   a.s.  t  e  [o,r). 

-'0 

Comparing  this  relation  with  (51),  we  let,  for  t  <  T,  9{t)  =  Cs{S{t),t)  and,  for  t  =  T, 

_  f   1     if  S{T)  >  A-; 
^^      \  0    if  S{T)  <  K. 

Direct  computation  yields  Cs{S{i),t)  =  N{di).  Then  define  q(()  according  to  (52)  to  have 

a{t)  =  {C{S{t),t)  -  d{t)S{t))e-''  =  -Ke-''^N(di  -  ay/T^)     Vi  G  [0,r]. 

I  t  is  obvious  that  (a, 9)  6  H^{P)  as  6{t)  <  1  and  finances  the  European  call  option.  We  can 
reconfirm  this  calculation  by  observing  the  Black-Scholes  formula  of  (53)  that  the  value  of  the  call 
is  exactly  equal  to  the  value  of  its  replicating  portfolio,  which  is  just 

a{t)B{t)  +  e{t)S{t)  =  -A'e-^<^-".V(<ii  -  aVT^t)  +  S{t)Nidi). 

This  relation  also  tells  us  that  a  call  option  is  equivalent  to  a  levered  position  of  its  underlying 
security  and  the  leverage  changes  over  time. 

Finally,  observe  that  since  (54)  holds  for  all  S{t)  and  for  all  t  G  [0,T),  C(-,-)  satisfies  the  partial 
differential  equation 

^C^Ax,t)x^cT^  +  rxC^{x,t)  -  rC{x,t)  +  Ct{x,t)  =  0  (55) 

for  all  X  e  (0,oo)  and  t  G  [0,7"),  with  the  boundary  condition 

limC(i,t)     =     max[i-A',0], 
HmC(i,0     =    0    Vie[O.T). 

xlO 

Note  that  in  deriving  the  differential  equation  of  (55),  the  only  thing  we  made  use  of  is  the  fact 
that  C{t)  is  a  smooth  function  of  5(0  and  t  and  that  C{t)e~''^  is  a  martingale  under  Q.  Therefore, 
this  equation  should  hold  more  generally.   Once  we  show  that  the  price  at  time  t  of  a  contingent 
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security  is  a  smooth  function  of  S{t)  and  t,  then  it  follows  that  the  price  functional  of  this  contingent 
security  must  satisfy  (55)  by  Ito's  lemma  and  the  martingale  connection.  The  only  thing  changed 
is  the  boundary  conditions,  which  reflect  the  contractual  agreement  of  a  contingent  security. 

For  example,  consider  a  European  put  option  that  gives  its  owner  the  right  to  sell  a  share  of 
the  risky  long-lived  security  for  a  price  K  at  time  T.  So  the  payoffs  at  time  T  is  max[A'  -  5(T),0]. 
The  price  of  this  put  option  at  time  t  is 

p{t)    =     E'[m3^[K  -  S{T),0]e-'^'^-'^\Tt] 

wnGrG 

,-  \n{K/S{t))-T{T-t)  +  l,7^(T-t) 

'^1      =  oVT^t      • 

Since  p{t)  is  a  smooth  function  of  S{t)  and  (,  p{S(t),  t)  must  satisfy  (55)  with  the  following  boundary 
conditions 

limp(i,0     =     mdixlK  -  x,Q], 

t]T 

limp(i,t)     =     0     VfG[0,r). 

xfoo 

To  determine  the  replicating  strategy  for  the  put,  we  simply  set  6{t)  =  ps{S{t),t)  and  define 
a{t)  according  to  (52). 

In  this  c3Lse,  again,  we  do  not  make  use  of  the  the  differential  equation.  In  the  following 
example,  however,  one  could  not  evaluate  the  conditional  expectation  of  (50)  analytically  and  thus 
the  differential  equation  becomes  useful.  One  can  numerically  solve  the  differential  equation  to  get 
the  price  of  the  contingent  security. 

Consider  now  a  contingent  security  that  pays  [sin(5(r))]^  at  time  T.  It  is  easy  to  see  that  the 
conditional  expectation 

£-[e-^(^-')[sin5(T)]3|jr,] 

depends  only  on  S{t)  and  t  even  though  we  cannot  evaluate  it  analytically.  Given  that  the  payoff  is  a 
smooth  function  of  S{T),  one  can  also  show  that  the  conditional  expectation  must  also  be  a  smooth 
function  of  5(1)  and  t.  Let  this  function  be  g{S{t),t).  Then  g  must  satisfy  the  partial  differential 
equation  of  (55)  with  the  boundary  conditions  that  limt^7'5(i,t)  =  (sini)^  and  ]im.xio g{x,t)  =  0. 
One  can  compute  g  by  solving  the  differential  equation.  Of  course,  one  can  also  numerically 
compute  the  conditional  expectation  by  using  numerical  integration  or  simulation.  The  choice  of 
the  techniques  will  depend  upon  their  relative  efficiencies  and  is  outside  the  scope  of  our  discussion. 
In  any  case,  once  one  gets  the  values  of  the  function  g,  the  replicating  strategy  can  easily  be 
constructed  by  taking  the  derivative  oi  g  and  setting  6{t)  —  gs{S{t),t).  Then  use  (52)  to  calculate 
a. 

4     Generalizations 

In  our  discussion  in  Section  3,  we  presented  how  one  could  construct  the  replicating  strategies 
for  contingent  securities  whose  payoffs  at  time  T  are  a  function  of  S{T).    We  also  discussed  the 
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usefulness  of  the  differential  equation  of  (55).  Here  we  will  first  show  how  one  can  generalize  all  this 
to  contingent  securities  whose  payoffs  at  time  T  depend  on  the  historical  prices  of  the  long-lived 
risky  security.  Take  for  example  a  contingent  security  that  gives  its  owner  the  right  to  receive  an 
exponentially  weighted  average  of  the  past  prices  of  the  long-lived  risky  security  for  a  fixed  fee  of 
A".  Formally,  let  this  weighted  average  be 

z{T)  =  t3  f    e-^^'^-'^Sit)dt 
Jo 

and  the  payoffs  of  this  contingent  security  is  then 

max[z(T)-  A',0]. 

The  value  at  time  t  of  this  contingent  security  is 

E'[xmx[z{T)-  A',0]e-^<^-')|JP-,],  (56) 

which  is  by  now  mechanical.  The  distribution  under  which  we  evaluate  this  conditional  expectation 
is  the  probability  under  which  the  risky  long-lived  security  earns  an  expected  rate  of  return  equal 
to  the  riskless  rate.  We  show  next  that  this  conditional  expectation  can  be  calculated  by  solving  a 
differential  equation  which  is  slightly  different  from  (55). 
Put 

z{t)  =  f3  f  e-'^^'-''^S{s)ds; 
Jo 


or  in  differential  form: 
Let  s  >  t.  We  can  write 


dz(t)  =  l3{S{t)  -  z{t))dt,      2(0)  =  0. 

z{s)  =  z{t)e-^^'-'^  +  ^3  !'  e'^^'-'^ S[T)dT. 

That  is,  knowing  z{t),  the  distribution  of  z{s)  only  depends  on  5  from  t  to  s,  whose  distribution 
in  turn  only  depends  upon  S{t).  Hence  (56)  can  be  written  as  a  function  of  S[t),  z{t),  and  t.  Let 
this  function  be  h(S{t),z{t),t).  Argument  can  be  made  to  show  that  h  is  smooth  in  its  arguments. 
Next  use  Ito's  lemma  to  express  /i(5(i),  2((),  ije"""'  to  get 

d{h{S{t),z{t),t)e-'') 
\e-''hss{S{t),z{t),t)SHtW  +  re-''hsiS{t),z{t),t)Sit) 


2 


dt 


+e-''h,{Sit),zit),tmSit)  -  zit))  -  re-^'h{S{t),zit),t)  +  e-^'^(5(i),^(i),0 
+e-''*hsiSit),z{t),t)S{t)adw'{t). 

Since  h{S{t),z{t),t)e~'^^  is  a  martingale  under  Q  and  cannot  have  any  time  trend,  we  must  have 
-/iSs(5,2,05V2  +  rhs{S,z,t)S  +  h,iS,z,t);3{S  -  z)  -  rh{S,z,t)  +  ht{S,z,t.)  =  0  (57) 
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for  all  5  and  z.  This  is  a  differential  equation  that  h  must  satisfy.  The  boundary  conditions  are 
limh(S,z,t)     =     maxfz-A',0], 
lim/i(5,z,0     =     max[ze-'^'^-"  -  A',0]e-'<^-')     V(  G  [0,T). 

The  replicating  strategy  can  then  mechanically  constructed.  Define  6{t)  =  hs(S{t),z{t),t)  and 
a{t)  according  to  (52).  The  replicating  strategy  at  time  t  now  depends  not  only  on  S{t)  and  t  but 
also  on  z(t). 

The  methodology  presented  in  previous  sections  also  generalizes  to  economies  with  more  general 
market  structures.  For  example,  there  can  be  an  arbitrary  number  of  risky  long-lived  securities 
whose  price  processes  are  general  Ito  processes  and  the  riskless  interest  rate  can  be  a  random 
process  too.  As  long  as  the  number  of  linearly  independent  risky  long-lived  securities  is  equal 
to  the  number  of  the  independent  Brownian  motions  that  drive  the  price  processes,  under  some 
regularity  conditions,  there  e.xists  a  unique  equivalent  martingale  measure  and  all  the  contingent 
securities  in  L^{P)  are  marketed.  This  unique  martingale  measure  is  also  a  ris/c-neutrai  probability 
that  makes  all  the  securities  earn  an  expected  rate  of  return  equal  to  the  riskless  interest  rate. 
(Compare  with  (47). 

Letting  £^*[-|.F(]  denote  the  conditional  expectation  operator  at  time  i,  the  price  at  time  (  of  a 
contingent  security  with  a  payoff  x  is 


E' 


-J,     r(,)d3^jr^ 


T 

xe~ 


This  conditional  expectation  can  be  calculated  in  a  variety  of  ways  when  its  analytic  expression 
does  not  exist.  When  it  can  be  identified  to  be  a  smooth  function  of  several  variables,  it  satisfies 
partial  differential  equation  through  its  connection  to  martingales.  The  boundary  conditions  will  be 
determined  by  the  contractual  agreements.  In  this  case,  the  replicating  strategy  can  be  computed 
by  taking  derivatives  of  this  function.  When  the  conditional  expectation  cannot  be  expressed  as  a 
function  of  a  finite  number  of  variables,  it  can  always  be  approximated  by  using  simulation. 

5     Concluding  Remarks 

We  have  tried  in  this  paper  to  introduce  the  main  ideas  behind  perhaps  the  most  important  ad- 
vancement in  financial  economics  in  the  past  two  decades.  Our  discussion  in  Section  2  is  essentially 
abstract  in  nature.  We  do  hope,  however,  that  the  applications  presented  in  Sections  3  and  4  convey 
to  the  reader  the  engineering  aspect  of  the  abstract  theory:  Once  the  unique  equivalent  martingale 
measure  is  identified,  the  values  over  time  of  a  contingent  security  can  be  computed  by  evaluating 
a  conditional  expectation.  When  this  conditional  expectation  is  a  function  of  several  variables, 
this  function  satisfies  a  partial  differential  equation.  In  such  case,  the  replicating  strategy  for  the 
contingent  security  can  be  calculated  by  taking  derivatives  of  this  function.  So,  the  procedure  in 
application  becomes  mechanical. 

The  reader  interested  in  detailed  discussions  of  the  general  theory  of  contingent  securities  val- 
uation is  referred  to  Duffie  (1988)  and  Huang  (1989). 

37 


6     References 

1.  Black,  F.,  and  M.  Scholes.  1973.  The  pricing  of  options  and  corporate  liabilities.  Journal  of 
Political  Economy  81:637-654. 

2.  Cox,  J.,  S.  Ross.  1976.  The  valuation  of  options  for  alternative  stochastic  processes.  Journal 
of  Financial  Economics  3:145-166. 

3.  Duffie,  D.,  1988,  Security  Markets:  Stochastic  Models,  Academic  Press, 

4.  Dybvig,  D.,  and  C.  Huang,  1989,  Nonnegative  Wealth,  Absence  of  Arbitrage  and  Feasible 
Consumption  Plans,  Review  of  Financial  Studies  1,  377-401. 

5.  Harrison,  M.,  and  D.  Kreps.     1979.     Martingales  and  arbitrage  in  multiperiod  securities 
markets.  Journal  of  Economic  Theory  20:381^08. 

6.  Harrison,  M.,  and  S.  Pliska.     1981.    Martingales  and  stochastic  integrals  in  the  theory  of 
continuous  trading.  Stochastic  Processes  and  Their  Applications  11:215-260. 

7.  Huang,  C,  and  R.  Litzenberger,  1988,  Foundations  for  Financial  Economics,  North-Holland, 
New  York. 

8.  Huang,  C,  1990a,  An  overview  of  modern  financial  economics,  the  first  article  in  this  collec- 
tion. 

9.  Huang,  C,  1989,  Lecture  Notes  on  Advanced  Financial  Economics,  Sloan  School  of  Manage- 
ment, Massachusetts  Institute  of  Technology. 

10.  Kunita.  H.,  and  S.  Watanabe,  1967,  On  square-integrable  martingales,  Nagoya  Mathematics 
Journal  30:209-245. 

11.  Liptser,  R.,  and  A.  Shiryayev,   1977,  Statistics  of  Random  Processes  I:  General  Theory, 
Springer- V'erlag,  New  York. 

12.  Merton,  R.  1973.  Theory  of  rational  option  pricing.  Bell  Journal  of  Economics  and  Manage- 
ment Science  4:141-183. 

13.  Pages,  H.  1989.    Three  Essays  In  Optimal  Consumption.    Unpublished  Ph.D.  thesis.    Mas- 
sachusetts Institutes  of  Technology. 

14.  Samuelson,  P.,   1965,  Rational  theory  of  warrant  pricing,  Industrial  Management  Review 
6:13-32. 


38 


Dynamic  Portfolio  Theory 

and  the 

Intertemporal  Capital  Asset  Pricing  Model 

Chi-fu  Huang 

1  Introduction 

Traditionally,  the  optimal  consumption  and  portfolio  decisions  of  an  investor  in  multiperiod  economies 
under  uncertainty,  or  the  dynamic  portfolio  tlieory,  is  developed  using  stochastic  dynamic  program- 
ming. Merton  (1971)  is  the  seminal  paper  in  this  area.  In  this  paper,  however,  instead  of  using  the 
traditional  approach,  we  will  outline  how  the  theory  of  the  contingent  securities  valuation  summa- 
rized in  Huang  (1990c)  can  be  useful  in  analyzing  an  investor's  optimal  consumption  and  portfolio 
policies.  We  will  show  in  particxilar  that  the  optimal  policy  of  an  investor  can  be  computed  by 
solving  a  linear  partial  differential  equation  similar  to  the  one  appears  in  the  valuation  of  contingent 
securities. 

Once  we  have  a  characterization  of  an  investor's  optimal  consumption  and  portfolio  policies,  it 
is  then  an  easy  matter  to  draw  conclusions  about  the  equilibrium  relation  among  the  expected  rates 
of  return  on  securities  in  an  economy  with  a  single  representative  investor.  This  is  the  Intertemporal 
Capital  security  Pricing  Model  of  Merton  (1973). 

2  Optimal  Consumption  and  Portfolio  Policies 

We  begin  our  discussion  of  the  optimal  consumption  and  portfoUo  policy  for  an  investor  in  the 
Black-Scholes  model.  Then  we  will  discuss  how  the  results  in  the  Black-Scholes  model  can  be 
generalized. 

2.1     The  Black-Scholes  Model 

The  setup  here  is  identical  to  that  in  Section  2  of  Huang  (1990c),  to  which  we  will  refer  the  reader 
for  details. 

There  are  two  long-lived  securities,  one  risky  and  one  riskless.  The  risky  security  price  follows 
a  geometric  Brownian  motion 


5(i)  =  exp|(;i-  y^)t  +  (7w{t)Y 
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or  in  differential  form 

dS{t)  =  fiS(t)dt  +  aS{t)dw(t), 

where  ti;  is  a  standard  Brownian  motion  under  a  probability  P.  The  price  of  the  riskless  security 
at  time  (  is  B{t)  =  exp{ri},  where  r  >  0  is  a  constant.  One  can  think  of  the  riskless  security  as 
a  savings  account  that  pays  a  constant  instantaneous  interest  rate  r.  The  information  an  investor 
has  at  time  t  is  the  historical  realizations  of  the  risky  security  prices  from  time  0  to  time  t.  Denote 
this  information  by  J^f 

An  investor  in  this  economy  uses  a  self-fina,nciag  strategy  {ot,0)  to  manage  his  portfolio  of  the 
risky  and  the  riskless  securities  so  as  to  maximize  the  expected  utility  of  his  wealth  at  time  T; 
see  Huang  (1990c)  for  the  definition  of  a  self-financing  strategy.  Recjdl  that  a{t)  and  6{t)  are  the 
numbers  of  shares  of  the  riskless  and  the  risky  securities,  respectively,  held  at  time  (.  As  in  Huang 
(1990c),  we  will  restrict  our  attention  to  those  self-financing  strategies  {oi,d)  with 


i 


T 

\d{t)Sit)\^dt 

0 


<  oo. 


(58) 


Call  these  self-financing  trading  strategies  admissible  trading  strategies  and  denote  them  by  n^{P). 
It  is  known  that  there  are  no  arbitrage  opportunities  in  H.^{P);  see  Huang  (1990c,  section  3.2). 

Letting  L^{P)  be  the  space  of  random  variables  whose  values  depend  on  Tj,  an  investor's  task 
is  to  solve  the  following  program: 

sup(a,5)6//2(p)     E[V[Wt)] 

s.t.      q(0)5(0)  +  ^(0)5(0)  =  IFo, 

Wt  =  a(T)B{T)  +  e{T)S{T)  e  L^P), 
Wt  >  0.     P  -  U.S., 

where  V^(-)  is  the  investor's  utility  function  for  time  T  wealth,  E[-]  is  the  expectation  under  P 
and  Wq  >  0  is  the  investor's  initial  wealth.  We  assume  that  V  is  continuous,  increasing,  strictly 
concave,  and  differentiable. 

Recall  from  Huang  (1990c,  sections  3.2  and  3.3)  that  the  markets  are  dynamically  complete  in 
the  Black-Scholes  model  in  that  every  x  G  L^{P)  is  financed  by  some  [a, 6)  6  H^(P),  and  the  value 
at  time  t  a  contingent  security  x  financed  by  (a, 6)  G  H^{P)  is 

£*[e-^(^-''x|J-,],     Q  -  a.s.,  (59) 

where  £"[-].7>]  is  the  conditional  expectation  at  time  t  under  the  unique  equivalent  martingale 
measure  Q.  The  unique  equivalent  martingale  measure  Q  is  defined  by 


QiA)    =      f  r}{T)P{du), 
Ja 

T]{t)     =     exp|-^K2f  +  KU'(o|, 


K       =       -^i^, 


for  all  events  A  in  fj-  Since  P  and  Q  are  two  equivalent  probabilities,  we  will  simply  use  a.s.  to 
denote  "'almost  surely"  with  respect  to  both. 
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The  dynaanic  completeness  of  markets  and  (59)  allow  us  to  transform  the  dynamic  program  of 
(58)  into  an  equivalent  static  program. 

Theorem  2.1  If  {a,  6)  is  a  solution  to  (58),  then  Wj  =  a{T)B{T)  +  e{T)S{T)  a.s.  is  a  solution 

'^^Wr^Ll(P)     E[V{Wt)] 

s.t.      E'le-'^^WT]  =  Wq.  ^     ' 

Conversely,  let  W^  be  a  solution  to  (60).  Then  Wj  is  financed  by  some  {a,  6)  £  H^{P)  and  {a,  6) 
is  a  solution  to  (58). 

Proof.  Suppose  that  (q,  6)  is  a  solution  to  (58).  We  claim  that  W:^  =  a{T)B{T)  +  6{T)S{T)  G 
L\[P)  a.s.  is  a  solution  to  (60).  First  note  that  E'[e-^'^W:^\  =  q(0)5(0)  +  ^(0)5(0)  =  Wq.  So 
Wj  is  feasible  in  (60).  If  Wj^  is  not  a  solution  to  (60),  there  must  exist  Wj  feasible  in  (60)  so 
that  £'[F(VV7')]  >  ^•[^''(^^f)]-  ^^  ^^^  markets  are  dynamically  complete,  Wt  is  financed  by  some 
(d,^)  G  H^{P)  with  d(0)5(0)  +  ^(0)5(0)  =  E'Ic-^'^Wt].  So  Wt  is  a  feasible  time  T  wealth  in 
(58).  This  contradicts  the  hypothesis  that  (q,^)  is  a  solution  to  (58). 

Conversely,  let  W^  be  the  solution  to  (60).  Since  Wj  e  L^{P),  Huang  (1990c,  section  3.2  and 
theorem  3)  implies  that  there  exists  {a, 9)  £  H^{P)  that  finances  it  with  q(0)5(0)  +  61(0)5(0)  = 
£'[e~'"^iy^]  =  Wq.  Thus  Wj  is  a  feasible  time  T  wealth  in  (58).  Suppose  that  (q,^)  is  not  a 
solution  to  (58).  Then  there  exists  {d,d)  6  H^{P)  that  is  feasible  in  (58)  and 

E[V{Wt)]  >  E[V{W^)], 

where  \Vt  =  d(T)  +  §{T)S{T)  F-a.s.  Since  Wt  is  financed  by  a  trading  strategy  {a.§)  G  H'^{P), 
we  know  from  Huang  (1990c,  section  3.2)  that 

E'Ic-^'^Wt]  =  q(0)5(0)  +  ^(0)5(0)  =  Wo. 

Thus  Wt  is  feasible  in  (60).  This  contradicts  the  hypothesis  that  Wj-  is  a  solution  to  (60)  and  thus 
{a,  9)  is  a  solution  to  (58). 
I 

Theorem  2.1  demonstrates  the  equivalence  between  a  complicated  dynamic  optimization  prob- 
lem of  (58)  and  a  standard  static  optimization  problem  of  (60).  We  will  cissume  henceforth  that 
there  exists  a  solution  to  (60),  denoted  by  Wj,  and  refer  readers  to  Cox  and  Huang  (1986)  for 
details. 

We  now  proceed  to  construct  an  optimal  portfolio  policy.  The  reader  will  find  out  that  this  is 
nothing  more  than  finding  the  replicating  strategy  for  a  contingent  security  as  discussed  in  Huang 
(1990c). 

First,  from  Lagrangian  theory,  if  there  exists  a  solution  to  (60),  there  must  exist  a  strictly 
positive  constant  A  >  0  so  that 

V'iWi-)  <  Ae-^^r?(T)     a.s., 

with  the  equality  holding  when  Wt  >  0,  where  V  denotes  the  derivative  of  V  and  where  we  have 
used  the  fact  that 

E'[e-''^WT]  =  E[e-''^Wi.Tj{T)]. 
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Define  a  process 

^(0  =  Ae-^'/?(0,    t  e  [o,r], 

and  the  "inverse"  of  V  by  f{y)  =  inf{x  >  0  :  V'(x)  <  y}.  Then  we  have  Wf  =  f{^{T)).  Note  that 
^(0)  =  A  as  7?(0)  =  1  and 

^(0  =  ^(5)exp  [-{r+  i^^^  it-s)  +  K{w{t)  -  u;(5))|      V(  >  s. 

The  latter  relation  implies  that  the  conditional  probability  at  time  s  o{^{t)  with  t  >  5  is  completely 
determined  by  ^(5)  as  a  standard  Brownian  motion  has  independent  and  stationary  increments. 
The  following  differential  form  of  the  dynamics  of  ^  under  Q  will  be  useful 

d^{t)  =  -^{t){r  -  K.^)dt  +  ^{t)Kdw'{t)    t  e  [o,r], 

where 

w'{t)  =  w{t)-Kt     te[O.T] 

is  a  standard  Brownian  motion  under  Q\  see  Huang  (1990c,  theorem  1). 
The  value  at  time  (  of  the  optimal  time  T  wealth  is 

where  the  second  equality  follows  from  the  defimtion  of  Q  and  the  conditional  Bayes  rule  and  the 
third  equality  follows  from  the  fact  that  given  ^{t),  the  conditional  probability  of  ^(T)  is  completely 
determined. 

So  F{^{t),t)  is  the  value  at  time  t  of  the  "contingent  security"  that  pays  /(^(T))  at  time  T.  We 
show  below  that  F  satisfies  a  partial  differential  equation  by  using  its  connection  to  martingales. 
This  martingale  connection  also  cdlows  us  to  construct  the  replicating  strategy  for  f{^(T)).  Since 
F{^(t),t)  is  the  value  at  i  of  a  contingent  security,  e~^^ F{^{t),t)  must  be  a  martingale  under  the 
equivalent  martingale  measure  Q.  Ito's  lemma  implies  that,  under  Q, 

time  trend 


cf(e-'F(aO,0)     =  e-^'l^-F^^e^'  -  F^{r  -  k')^  -  vF  +  F,]  (62) 

where  S'{t)  =  S{t)/B{t)  and  we  have  used  Huang  (1990c,  relation  (6)).  Since  the  left-hand-side 
of  (62)  is  a  martingale  under  Q  and  5*  is  also  a  martingale  under  Q,  the  time  trend  on  the 
right-hand-side  must  be  zero.  Thus  we  have  a  partial  differential  equation: 

^F^^eV  -  F^{r  -^)^-rF+F  =  0,  (63) 

to  which  we  will  return  later.  Then  the  integral  form  of  (62)  becomes 

e-'-'F(^(0,0  =  n^(o),o)+  f' e{t)dS'{t), 

Jo 
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where 

Putting  a(t)  =  {F{^{t),t)  -  d{t)S{t))/ B{t),  the  same  arguments  proving  Huang  (1990c,  theorem 
3)  show  that  (a, 6)  £  H^{P)  and  it  finances  Wj-  with  an  initial  wealth  Wq. 

Note  that  the  replicating  strategy  for  W^  at  any  time  t  only  depends  on  the  value  of  ^{t)  and 
t,  in  addition  to  the  parameters  ^,  cr,  and  r,  since  there  exists  a  one-to-one  mapping  between  S{t) 
and  ^{t).  In  the  theory  of  optimal  controls,  one  usually  looks  for  controls  that  are  functions  of  the 
controlled  process,  or  feedback  controls.  Here,  the  process  being  controlled  is  the  value  over  time 
of  the  portfoUo  or  the  investor's  wealth  over  time.  We  now  show  that  the  optimal  controls,  {a,0), 
can  be  written  as  functions  of  the  investor's  wealth  and  time. 

First,  put  W{t)  =  a{t)B{t)  +  e{t)S{t),  the  value  of  the  optimal  portfoho  at  time  (.  By  the 
definition  of  F,  we  have  W{t)  =  F{^{t),t).  Given  that  /  is  a  decreasing  function  and  is  not  a 
constant,  F  is  a  strictly  decreasing  function  of  ^.  Hence  ^{t)  =  F~^{W{t),t),  where  F~^{-,t) 
denotes  the  inverse  of  F{-,t).  Second,  recall  that  the  value  of  the  optimal  strategy  at  ant  time  (  is 
only  a  function  oi  ^{t)  and  t.  Now  since  ^(i)  =  F~^{W{t),t),  the  optimal  strategy  can  be  written 
as  a  function  of  the  wealth  and  time.  We  have  thus  expressed  the  optimal  trading  strategies  as 
feedback  controls. 

In  the  above  construction  of  the  optimal  strategy,  we  implicitly  assumed  that  we  knew  the 
Lagrangian  multiplier  A,  which  in  application  needs  to  be  computed.  If  we  have  an  analytic  ex- 
pression of  the  conditional  expectation  defining  F  for  an  arbitrary  ^(0),  the  matter  is  easy.  This  is 
so  because  we  know  that  A  must  be  such  that  F(A,0)  =  Wq.  Hence  define  A  =  F~^{Wq,0)  and  set 
,^(0)  =  A.  Then  the  process  ^  is  well-defined  and  so  is  the  optimal  trading  policy. 

When  there  is  no  analytic  expression  for  F,  the  matter  is  somewhat  more  complicated.  We  will 
resort  to  solving  numerically  the  partial  differential  equation  of  (63)  with  the  boundary  conditions  of 
F{^,T)  =  f{^)  and  lim^^^o  F{^,t)  =  0  for  all  t.  Once  we  have  computed  numerically  the  values  of 
F(-,0)  for  various  possible  ^(0).  The  Lagrangian  multiplier  can  be  found  by  setting  A  =  F~^{Wo,0). 
Then  the  optimal  trading  strategy  is  well-specified. 

The  ancdogy  between  how  we  construct  the  optimal  trading  strategy  for  an  investor  and  the 
replicating  strategy  for  a  contingent  security  should  be  apparent.  The  optimal  time  T  wealth  for  an 
investor  is  of  course  a  contingent  security,  whose  payoffs  are  determined  by  a  static  maximization 
program  of  (60).  Then  the  problem  reduces  to  finding  the  replicating  strategy  for  this  contingent 
security.  To  do  so,  we  first  calculate  the  value  over  time  of  this  contingent  security  F.  The  optimal 
trading  strategy  is  then  determined  by  taking  derivatives  of  F.  When  F  does  not  have  an  analytic 
expression,  we  solve  numerically  a  linear  second  order  partial  differential  equation. 

There  exists  one  distinct  difference  in  the  partial  differential  equations  in  this  case  and  the  case 
for  the  valuation  of  contingent  securities  discussed  in  Huang  (1990c),  however.  The  differential 
equations  of  (16)  and  (18)  of  Huang  (1990c)  do  not  depend  on  the  instantaneous  expected  rate 
of  return  on  the  risky  security.  On  the  other  hand,  (63)  depends  on  fi  through  k.  This  is  so 
because  F  is  a  function  of  ^  and  whose  dynamics  under  Q  depends  on  k.  Recall  now  that  there 
exists,  for  every  t,  a  one-to-one  mapping  between  ^{t)  and  S(t).  Let  this  mapping  be  denoted 
h{S{t),t)  =  ^{t).  The  reader  can  verify  that  this  mapping  depends  on  n,  among  other  things. 
Putting  GiS{t),t))  =  F{h{S{t),t),t),  we  get  G{S{t),t)  =  F(^{t),t).  Then  one  easily  shows  that  G 
satisfies  the  partial  differential  equation  of  (16)  of  Huang  (1990c),  which  is  independent  of  //.  But 
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the  boundary  condition  for  G  at  t  =  T  becomes  G{S,T)  =  f{h{S,T)),  which  depends  on  fi.  In 
this  light,  one  sees  that  in  the  pricing  of  options,  the  knowledge  of  /i  is  not  necessary  as  the  payoffs 
of  options  do  not  depend  on  ^i.  But  we  do  need  to  know  /x  to  find  the  optimal  time  T  wealth  for 
the  investor  as  the  optimcJ  time  T  wealth  depends  on  ^(T),  which  in  turn  depends  on  /x.  If  the 
investor  does  not  know  the  expected  rate  of  return  on  the  risky  security,  he  won't  be  able  to  find 
the  optimjil  portfolio  to  majcimize  his  expected  utility! 

2.2     Generalizations 

The  way  we  constructed  the  optimal  trading  strategy  for  an  investor  in  the  previous  subsection  can 
be  extended  to  economies  with  more  general  price  processes.  Let  there  be  N  risky  securities  and 
one  riskless  security.  These  securities  do  not  pay  dividends  in  [0,T].  The  n-th  risky  security  sells 
for  Sn{t)  at  time  (.  Let  S{t)  =  {Si{t),S2{t),. . .  ,Sj\{t))'^ ,  where  ''"  denotes  ''transpose".  Assume 
that 

5(0  =  5(0)+  /  Is{t)fi{Y{t),t)dt -{-  r  Is{t)a{Y{t),t)dw{t)     t  e  [Q,T], 
Jo  Jo 

where  w  is  an  iV-dimensional  standard  Brownian  motion,  /s(0  is  an  iV  X  N  diagonal  matrix  with 
the  n-th  diagonal  element  being  Sn{t),  m(^>0  i^  an  iV  x  1  vector  containing  the  iV  instantaneous 
expected  rates  of  return  on  the  risky  securities,  cr{Y,t)  is  an  iV  X  iV  matrix  with  aa"^  being  the  co- 
variance  matrix  of  the  instantaneous  returns  on  the  risky  securities  at  time  t,  Y  is  an  A/- dimensional 
diffusion  process  with  M  <  N: 

Y{t)  =  r(0)  +  r 0{Y{t),  t)dt  +  f  g{Y{t),  t)dw{t)     t  G  [0,T], 
Jo  Jo 

and  /3  and  g  are  M  x  1  vector  and  M  x  N  matrix,  respectively.  We  assume  that  a{Y{t),t)  and 
g{Y{t),t)  are  of  full  rank  for  all  Y{t)  and  t. 

For  convenience,  we  will  use  /i(i)  and  cr{t)  to  denote  fi(Y{t),t)  and  a{Y{t),t),  respectively,  and 
similarly  use  i3{t)  and  g{t)  for  i3{Y{t),t)  and  g{Y{t),t),  respectively.  The  riskless  security  pays  an 
instantaneous  riskless  rate  of  r{Y{t),t),  which  will  sometimes  be  denoted  simply  by  r{t).  The  price 
at  time  t  of  the  riskless  security  is  B{t)  =  exp{/o  r{s)ds}. 

Putting 

K{Yit),t)  =  -a(Y{t),tr\fi{Y{t),t)  -  r{Y{t),t)), 

we  assume  that  |k(OP  =  tr  {a{t)a{t)'^)  is  bounded  uniformly  across  time  and  states  of  nature. 
This  implies  that 

Q(A)=   f  r^{u,T)P{du)     Ae^T, 
Ja 

is  the  unique  equivalent  martingale  measure  for  the  price  system,  where 

77(0  =  exp|-^y"  \K{s)\'^ds+  f  K{sfdw{s)\      fe[0,r]; 
see  Cox  and  Huang  (1986),  for  example. 
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Let  a{t)  and  ^n(0  be  the  number  of  shares  of  the  riskless  and  the  n-th  risky  security  held  at 
time  t.  We  will  use  d{t)  to  denote  (^i((),. ..  ,5„(f))^.  A  trading  strategy  (q,^)  is  admissible  if  it  is 
self-financing  and 

/    \e{sfls{s)a{s)\^ds 
Jo 


<  oo. 


Let  H^(P)  denote  the  space  of  admissible  trading  strategies.  A  contingent  security  is  an  element 
o(L\P). 

Pages  (1989)  has  shown  that  markets  are  dynamically  complete  in  that  any  element  of  L'^{P)  is 
financed  by  some  {a, 6)  6  n^{P).  Given  this,  Theorem  2.1  is  valid  while  replacing  the  constraint 
of (60)  by 


£• 


r/o  ^(')^nv^^ 


=  Wo, 


and  we  assume  henceforth  that  there  exists  a  solution  to  (60).  As  in  the  previous  section,  let  Wj 
be  the  optimal  time  T  weedth  in  (60)  and  define  ^(f)  =  Xe~  Jo  ""*''  'T]{t).  We  have 


^(0  =  ^(5)exp  |-  ^'  (^r{T)  +  ^|K(y(r),r)|2)  dr  +  j^  K{Y{T),T)^dw(r)^      V(  > 


(64) 


Note  that,  unlike  in  the  Black-Scholes  model,  there  is  no  one-to-one  relation  between  ^{t)  and  S{t) 
at  every  t  in  our  current  setup.  Indeed,  the  value  of  ^{t)  depends  on  the  realizations  of  Y  from  time 
0  to  time  t.  However,  given  that  F  is  a  diffusion  process  and  (64),  the  probabilistic  characteristics 
of  ^(i)  at  time  5  with  5  <  t  is  completely  determined  by  ^{s)  and  Y{s).  In  mathematical  terms, 
{^,Y)  jointly  form  a  diffusion  process. 

To  find  the  replicating  trading  strategy  for  W^,  we  will  calculate  the  value  over  time  for  W^. 
Since  Wj  is  a  contingent  security,  its  value  at  time  t  is 

E'[e- ^0  '^'^"^'W^lTt]     =  E'[e- 1^ '^'^'^' fi^{T))\Tt] 

^  E\e-f^''""fUm)vm\T,]  (65) 

^  Eimrmnmyi^)]  ^  F{at),Y{t),t), 

where  we  recall  that  f{y)  =  inf{x  >  0  :  V'{x)  <  y}  and  where  the  third  equality  follows  from  the 
aforementioned  fact  that  ii,Y)  is  a  diffusion  process. 

The  rest  is  now  standard.    We  will  use  the  martingale  connection  of  F{^,Y.t)  under  Q  to 
compute  the  replicating  strategy  for  \Vj  and  the  partial  differential  equation  F  satisfies.    Using 

Ito's  lemma  to  express  e~  Jo  ''^*'  ' F{^{t),Y(t),t)  under  the  martingale  measure  to  conclude  that  the 
time  trend  term  must  be  zero,  we  get  a  second  order  linear  partial  differential  equation: 

\Fae\^\^  +  \tr{FYY9g^)  -  F^^^gK'^  -  F^[r  -  \k\']  +  F^[l3  +  gn'^]  -rF  +  Ft  =  0.  (66) 

In  addition, 

e-Io^^'^^'FU{t),Y{t),t)  =  F(s^(0),y'(0),0)+  [' e{s)^dS'{t), 

Jo 
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^(0  =  -F^{at),Y{t),t)at)is-^it){critMtV)-\fiit)  -  r(0) 

+Is-.{t){9{t)a{t)-')^FY{m,Y{t)J), 

where  I$-i{t)  is  a.  N  X  N  diagonal  matrix  with  the  n-th  diagonal  element  equal  to  5„(<)~^.  Then 
putting 

..X-  F{m^Y{tU)-e{t)-^Sit) 

"^'^  = m ' 

{a,  6)  is  the  replicating  strategy  for  W^. 

As  in  the  Black-Scholes  case,  we  can  show  that  F  is  a  decreasing  function  of  ^.  Thus  if  we  have 
an  analytic  expression  for  F,  we  define  ^(0)  =  A  =  F~^(VVo,  F(0),0),  where  F~^  denotes  the  inverse 
of  F  in  its  first  argument.  Then  the  process  ^  is  well-defined  and  so  is  the  replicating  strategy. 
Otherwise  we  compute  F  numerically  by  solving  the  partial  differential  equation  of  (66)  with  the 
boundary  conditions  Iim^_oo  F(^,Y,t)  =  0  and  I'lmt^T  F{^,Y,t)  =  /(^)  and  define  ^(0)  similarly. 

The  optimal  trading  strategy  characterized  in  (67)  has  the  (A/  +  2)-fund  separation  property 
-  the  optimal  portfolio  is  composed  of  a  portfolio  on  the  instantaneous  portfolio  frontier  or  an 
instantaneous  frontier  portfolio,  M  portfolios  whose  returns  are  perfectly  correlated  with  the  unan- 
ticipated changes  in  the  state  variables  Y,  and  the  riskless  security.  To  see  this,  we  first  convert 
the  optimal  numbers  of  shares  of  the  risky  securities  held  to  the  optimal  proportions  of  wealth 
invested  in  the  risky  securities.  Let  An{t)  be  the  optimal  proportion  of  the  wealth  invested  in  the 
n-th  risky  security  at  time  t  and  let  A{t)  =  (Ai(<),. . . ,  .4,v(0)^-  Note  that  A{t)  is  the  vector  of 
optimal  portfolio  weights  in  the  risky  securities.  Then 

where  l;v  is  an  N  vector  of  I's.  The  optimal  proportion  invested  in  the  riskless  security  at  time 
i  is  (1  -  A(<)^1).  For  brevity,  we  will  henceforth  use  F{t)  to  denote  F{^{t),Y{t),t)  and  similarly 
use  F^it)  and  Fyit)  for  F^{^{t),Y{t),t)  and  FYU(t),Y{t),t),  respectively. 

Note  that  A{t)  only  depends  on  ^{t),  Y{t),  and  t.  Thus  being  viewed  as  the  optimal  control, 
A{t)  is  a  feedback  control  by  noting  ^(0  =  F-\W{t),Y{t),t},  v^hereWit)  =  a{t}B{t)  +  eit)'^ S{t). 

Second,  we  recall  from  Huang  (1990b,  relation  (12))  that  (a(i)(T(i)^)~HM(0  ~  '"(0)  ^^  propor- 
tional to  the  portfolio  weights  on  the  risky  securities  of  a  frontier  portfolio  at  time  (,  where  the 
portfolio  frontier  is  generated  using  the  instantaneous  expected  rates  of  return  on  securities  and  the 
variance-covariance  matrix  of  the  instantaneous  returns,  all  at  time  t.  Thus  the  first  term  on  the 
right-hand  side  of  (68)  is  proportional  to  the  portfolio  weights  on  risky  securities  of  a  instantaneous 
frontier  portfolio. 

Third,  each  column  of  {g{t)(7{t)~^)^  can  be  viewed  as  the  weights  on  the  risky  securities  of  a 
portfolio.  Thus  {g{t)a{t)~^)^  represents  the  portfoUo  weights  on  the  risky  securities  of  M  portfolios. 
Note  that 

(g{t)ait)-')a(t)g(t)^  =  g{t)gitf- 

that  is,  the  covariance  matrix  at  time  t  of  the  returns  on  these  M  portfolios  with  the  changes  of  V  is 
equal  to  the  variance-covariance  matrix  of  Y.  This  implies  that  the  m-th  column  of  {g{t)(T{t)~^)^ 
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is  proportional  to  the  weights  on  the  risky  securities  of  a  portfolio  whose  returns  at  time  t  are 
perfectly  correlated  with  the  changes  in  Y. 

In  summary,  the  optimal  portfoho  for  an  investor  is  composed  of  M  +  2  parts:  the  riskless 
security,  an  instantaneous  frontier  portfolio,  and  M  portfolios  having  returns  perfectly  correlated 
with  the  changes  in  Y.  The  proportions  of  wealth  invested  in  these  M  +  2  parts  are  determined  by 
the  investor's  utility  function  as  reflected  in  the  function  F  and  its  derivatives. 

The  implication  for  this  mutucd  fund  separation  result  is  profound.  If  we  can  identify  the  state 
variables  Y,  then  we  only  need  the  riskless  security  and  M  -\-  I  mutual  funds  -  one  instantaneous 
frontier  portfolio  and  M  portfolios  whose  returns  perfectly  correlated  with  the  changes  in  Y  for  ail 
investors  to  trade  to  their  optimal  portfolios.  When  the  number  M  is  much  smaller  than  iV,  the 
number  of  mutual  funds  needed  is  much  smaller  than  the  number  of  securities  available. 

3     The  Intertemporal  Capital  Asset  Pricing  Model 

The  previous  section  characterizes  the  optimjd  portfolio  held  by  an  investor.  In  this  section,  we 
will  demonstrate  the  implications  of  the  optimality  condition  on  the  equilibrium  relation  among 
the  expected  instantaneous  rates  of  return  on  securities.  For  brevity,  we  will  simply  say  the  rates  of 
return  on  the  securities  with  the  understanding  that  these  returns  are  always  instantaneous  returns. 
For  simplicity  we  assume  that  there  exists  a  single  representative  investor  in  the  economy  and 
the  riskless  security  is  in  zero  supply.  Then  this  investor's  wealth  over  time  W{t)  is  the  aggregate 
wealth  in  the  economy  and  his  optimal  portfolio  weights  on  the  risky  securities  A{t)  is  the  market 
portfolio.  Note  that  since  the  riskless  security  is  in  zero  supply,  all  the  aggregate  wealth  must  be 
invested  in  the  risky  securities  in  the  market  equilibrium.  Thus  A(i)^l,v  =  1  for  all  t  and  the  rate 
of  return  on  the  market  portfolio  at  time  t  is 

A{tfdS{t)/S{t)  =  A{tfn{t)dt  +  A{tfa{t)dw(t). 

Premultiplying  (68)  by  {a{t)a{t)'^ y^  we  get 

VsMt)  ^  {<y{tHty)A{t)  =  ^=1^ WO  -  r{t)lN]  +  V5,y(0^, 

where  V5,vv'(0  is  the  covariance  matrix  between  the  returns  on  the  N  risky  securities  and  that 
on  the  market  portfolio  at  time  t  and  V5_>'(i)  =  (j{t)g{t)'^  is  the  covariance  matrix  between  the 
returns  on  the  N  risky  securities  and  the  unanticipated  changes  in  Y  at  time  t.  Rearranging  the 
above  relation  we  get 

MO  -  r{t)lN     =  ^VsMt)  +  Vs.Yit)^ 

where 

Vs,WK(0  =  (Vs.vv(0,Vs,y(0)- 

That  is,  the  expected  rates  of  return  on  risky  securities  are  linearly  related  to  the  covariances 
between  their  returns  with  that  of  the  market  portfolio  and  with  the  unanticipated  changes  in  the 
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state  variables  Y.  The  weights  on  these  covariances  depend  on  F  and  its  derivatives,  which  in  turn 
depend  on  the  investor's  utility  function. 

We  now  proceed  to  show  that  we  can  substitute  observables  for  F{t)/F^{t)  and  FYit)/F^{t)  in 
(69).  First,  premultiply  (69)  by  A(t)'^  to  get 

fiwit)  -  r(0  =  A{t)^Ht)  -  r{t)lN]  =  Vw,WY{t)  ^  'p^llypft]  )  -  (70) 

where  nw(t)  is  the  expected  rate  of  return  on  the  market  portfoUo  at  time  t  and  Vw.wyCO  — 
A(()^Vs,wy(0-  Second,  premultiply  (69)  by  g{t)(T{t)~'^  to  get 

W(0  -  KOlM  =  9{tMtr'[^l{t)  -  r(t)l;v]  =  VY,WY{t)  (  ~F^llyflll]  )  -  (71) 

where  /iy(0  is  the  vector  of  expected  rates  of  return  on  the  M  portfoUos  whose  returns  are  perfected 
correlated  with  the  unanticipated  changes  of  Y  at  time  (  and  1\{  is  an  M  vector  of  I's. 
Combining  (70)  and  (71)  and  solving  for  F{t)/ F^{t)  and  Fy(()/F^(()  gives 

/  -F{t)/F^{t)  \  _  1  /     ^iw(t)  -  r{t)     \ 

[   FY{t)/F^{t)  )  -  ''"'^^'^      1^  fiY(t)  -  r(OlM  )  • 

Substituting  this  relation  into  (69)  gives 

fiit)-r{t)lN     =     ys,WY{t)VwY,WY{t) 

=     0S,WY{t) 


-1  f      Mw(0  -  r{t) 


^  fiY{t)  -  r{t)lM   J 

fiw{t)-r{t)     \ 
fiY(t)-rit)lM   )  ■ 

This  is  the  Intertemporal  Capital  Asset  Pricing  Model  of  Merton  (1973).  The  expected  rates  of 
return  on  the  risky  securities  are  linearly  related  to  their  "beta's"  with  respect  to  the  returns 
on  the  market  portfolio  and  on  the  M  portfolios  whose  returns  are  perfectly  correlated  with  the 
unanticipated  changes  in  the  state  variables.  These  beta's  are  the  multiple  regression  coefficients 
of  the  rates  of  return  on  the  risky  securities  on  those  on  the  market  portfoUo  and  the  M  portfolios 
perfectly  correlated  with  Y.  The  weights  on  these  beta's  are  the  risk  premiums  on  the  market 
portfolio  and  on  the  M  portfolios  perfectly  correlated  with  Y . 

The  Intertemporal  Capitcd  Asset  Pricing  Model  is  the  generalization  of  the  Capital  Asset  Pricing 
Model  of  Sharpe  (1964),  Lintner  (1965),  and  Mossin  (1966).  There  the  equilibrium  expected  rates 
of  return  on  the  securities  are  linearly  related  to  their  beta's  with  respect  to  the  market  portfolio. 
Here,  since  the  return  distributions  change  over  time  and  the  changes  are  determined  by  the  changes 
in  the  state  variables  Y,  besides  the  beta's  with  respect  to  the  market  portfolio,  M  more  beta's  arise. 
These  M  beta's  capture  the  sensitivity  of  security  returns  to  the  changes  in  the  state  variables. 

4     Concluding  Remarks 

We  have  summarized  how  the  modern  theory  of  contingent  security  valuation  can  be  useful  in 
deriving  the  optimal  consumption  and  portfolio  policy  for  an  investor.    For  simplicity,  we  have 
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focused  our  discussion  on  the  Ccise  where  an  investor  only  consumes  at  a  single  date  T  while  trading 
in  securities  are  allowed  any  time  before  T.  The  generalization  to  the  cases  where  consumption 
before  time  T  is  allowed  can  be  easily  accomplished.  The  reader  is  referred  to  Cox  and  Huang 
(1986,  1989)  for  details. 

Our  hypothesis  about  the  price  processes  guarantees  that  the  markets  are  dynamically  complete. 
This  is  more  restrictive  than  the  traditional  dynamic  programming  approach  as  briefly  reviewed  in 
Huang  (1990a,  section  3).  Our  technique  can  be  generalized  to  situations  where  the  markets  are 
not  dynamically  complete.  The  reader  is  referred  to  He  and  Pearson  (1989)  and  Pages  (1989)  for 
details. 

We  derived  the  Intertemporal  Capital  Asset  Pricing  Model  of  Merton  (1973).  When  there  is 
intermediate  consumption,  similar  techniques  can  be  used  to  derived  the  Intertemporal  Consump- 
tion Capital  Asset  Pricing  Model  of  Breeden  (1979)  discussed  in  Huang  (1990a,  section  3).  The 
reader  is  referred  to  Huang  (1989)  for  details. 

Throughout  our  discussion  of  the  intertemporal  capital  asset  pricing  model,  we  eissume  that  an 
equilibrium  exists  with  prices  as  posited.  For  the  existence  of  an  equilibrium  and  related  issues  see 
Duffie  (1986),  Duffie  and  Huang  (1985),  and  Huang  (1985a,  1985b,  1987). 
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The  Term  Structure  of  Interest  Rates 

and  the  Pricing  of 
Interest  Rate  Sensitive  Securities 

Chi-fu  Huang 


1  Introduction 

In  this  final  piece  of  the  series  of  reviews  of  modern  financial  economics,  we  will  apply  the  theory 
of  contingent  securities  valuation  discussed  in  Huang  (1990a)  to  study  the  pricing  of  default-free 
bonds,  or  the  so-called  terra  structure  of  interest  rates.  We  wiU  aJso  mention  how  the  knowledge 
of  the  term  structure  of  interest  rates  can  help  us  understand  the  pricing  of  other  interest  rate 
sensitive  securities  such  as  options  and  futures  contracts  on  bonds. 

2  Arbitrage  Pricing  of  Default- Free  Discount  Bonds 

We  will  focus  our  attention  here  in  the  section  on  the  pricing  of  default-free  discount  bonds.  A 
default-free  unit  discount  bond  is  a  financicd  security  that  pays  $1  for  sure  at  a  fixed  future  date, 
which  is  termed  the  ma.tunty  date.  We  assume  that  discount  bond  prices  of  all  maturities  are 
functions  of  an  jV-dimensional  "state  variables"  Y,  and  let  S{Y{t),t;T)  denote  the  price  at  time  t 
of  a  unit  discount  bond  with  a  maturity  date  T.  These  state  variables  follow  a  diflfusion  process: 

Yit)  =  Y{0)+  fp{Y{s),s)ds+  [' g{Y{s),s)dw{s),     Vt, 
Jo  Jo 

where  w  is  an  iV  dimensional  standard  Brownian  motion  under  a  probability  P,  /3  is  an  jV  x  1 
vector,  and  g  is  an  N  X  N  matrix.  We  assume  that  g  is  of  full  rank  for  ail  Y  and  t,  and  5  is  a 
smooth  function  of  y(t)  and  t. 

Besides  discount  bonds,  there  also  exists  an  instantaneous  borrowing  and  lending  opportunity. 
The  instantaneous  riskless  interest  rate  at  time  t  is  r{Y{t),t).  We  put  B{t)  =  exp{/Q  r{Y(s),s)ds} 
and  call  this  the  price  process  for  the  riskless  asset.  For  simplicity  of  notation,  we  will  often  denote 
S{Y{t),t]T)  and  r{Y{t),t;T)  by  S{t]T)  and  r(t),  respectively. 

Consider  now  a  collection  of  default-free  unit  discount  bonds  with  maturities  Ti,T2, Tm, 

where  m  >  N .  Without  loss  of  generality,  assume  that  Ti  <  T2  <  . . .  <  Tm-  In  addition,  we  will 
impose  that  the  prices  of  these  discount  bonds  admit  no  arbitrage  opportunities. 

We  know  from  the  discussions  in  Huang  (1990a,  1990b)  that  a  necessary  condition  for  there  to 
be  no  arbitrage  opportunities  is  the  existence  of  an  equivalent  martingale  measure.  That  is,  there 
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exists  a  probability  measure  Q  under  which  S{t;T,)/ B{t)  is  a  martingale  for  all  i  =  1,2, . . .  ,m. 
Using  Ito's  lemma  we  can  write 

diSit;T,)/B{t))=     [-S{t;T,)r{t)/B{t)  +  iCS{t;T,))/B{t)  +  St(t;T.)/Bit)]dt 
+     Sy{t;T,yg{Yit),t)/Bit)dwit), 


where 


CS{t;T,)  =  UT{Syy{t;T,)giY{t),t)9{Y{t),tf)  +  S,{t;T,f  l3{Y{t),t)  +  St{t;T,), 


tr  denotes  the  "trace",  and  the  subscripts  of  S  are  partial  derivatives  of  5.  Note  that  (£5(<;T,)  + 
St{t;Ti))/S{t\  T.)  is  the  instantaneous  expected  rate  of  return  at  time  t  on  the  discount  bond  with 
maturity  T,.  From  Girsanov  theorem,  there  exists  an  iV-dimensional  process  K{t)  so  that  under  Q, 


w 


'{t)  =  wit)  -   I  K{s)ds     t  e  ^+,  (73) 

Jo 

is  a  standard  Brownian  motion;  see  Huang  (1990a,  theorem  1).  Substituting  (73)  into  (72)  gives 

diSit;T,)/B{t))  =     [-S{t;T,)r{t}/B{t)  +  (£5(i;r.))/5(0  +  St(t;T,)/Bit) 

+Sy{t;  T,fgiYit),  t)Kit)/ Bit)]dt  (74) 

+     Sy{t;T,)^g{Y{t),t)/Bit)dw'{t). 

Since  S{t;Ti)/ B(t)  is  a  martingale  under  Q  and  thus  cannot  have  any  time  trend,  we  must  have 

-  S{t;T,)r{t)  +  £5(t;r.)  +  St{t;T,)  +  Syit;T,f  g{Y{t),t)Kit)  =  0,     Vt.  (75) 

We  therefore  conclude  that  a  necessary  condition  for  there  not  to  have  any  arbitrage  opportunity 
is  the  existence  of  an  A''-dimensional  process  k  so  that  (75)  holds  for  all  i.  Given  that  the  number 
of  discount  bonds  with  different  maturities  is  strictly  greater  than  the  dimension  of  the  Brownian 
motion,  that  is,  M  >  N,  elementary  linear  algebra  shows  that  k  must  be  uniquely  determined. 
Furthermore,  since  the  maturities  are  arbitrarily  chosen,  k  must  be  independent  of  the  maturities 
and  thus  be  functions  of  only  Y  and  (.  We  therefore  conclude  that  K{t)  =  K{Y{t),t). 

Now  note  the  following.  If  we  knew  what  K{Y{t),t)  is,  then  (75)  would  be  a  partial  differential 
equation  that  S{Y,t;T)  must  satisfy: 

-S{Y,t;T,)riyj)  +  CSiY,t;T,)  +  StiY,t;T,)  +  Sy{Y,t;T,)^g{Y,t)K{Y,t)  =  0.     Vt  £  [0,T,)Y.  (76) 

In  addition,  the  value  at  the  maturity  date  of  a  default-free  unit  discount  bond  must  be  equal  to 
1.  Thus  S{Y,t;T,)  is  a  solution  to  (76)  with  a  boundary  condition  S{Y,T,;Tt)  =  1. 

In  summary,  the  arbitrage  approach  of  the  pricing  of  default-free  discount  bonds  lies  in  the 
specification  of  the  function  K{Y,t).  This  specification  cannot  be  arbitrary  since  the  function  k 
must  be  chosen  so  that  the  condition  of  Girsanov  theorem  is  satisfied.  That  is,  k  must  be  such  that 
£[C(T)]  =  1  for  all  T  >  0,  where 

aT)^expl-^-j\(Y{s),sfK{Y{s),s)ds  +  j\{Yis),s)^dw{s)\. 
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Moreover,  once  a  k{Y,  t)  is  chosen  to  satisfy  the  above  condition,  we  know  that 

Q{A)=  [  a^,T)P{du) 
Ja 

for  all  events  A  distinguishable  from  observing  the  state  variables  Y,  is  a  probability  equivalent  to 
P.  Then  the  discount  bond  prices  given  by 

S(Y{t),t;Ti)  =  J3(0^[l/fl(T.)]  =  £;'[exp{-  ^  '  riV {s),s)ds}\Y{t)], 

where  £"*[•]  is  the  conditional  expectation  under  Q  at  time  t  and  where  the  second  equality  foUows 
from  the  Markov  property  of  Y.  It  is  then  eaisily  seen  that  S{t;T,)/ B{t)  is  a  martingale  under  Q 
with  S{Ti;Ti)  =  1.  Discount  bond  prices  for  all  maturities  so  defined  thus  form  an  arbitrage-free 
price  system.  Of  course,  S{Y,t;Ti)  will  satisfy  (76)  with  the  boundary  condition  S{Y,T,;T,)  =  1 
(provided  that  5  is  a  smooth  function  of  Y  and  t). 

Given  the  unit  discount  bond  prices,  the  yield-to-maturity  of  the  i-th  bond  at  time  t  <  Ti  is 
defined  to  be  the  number  R{Y,t;Ti)  such  that 

S{Y,t;T,)  =  exp{-R,iY,t;T,){T,  -  t)}. 

Hence,  R{Y,t;T,)  =  - — -p'_^ '  ''.  The  yield  curve  at  time  t,  or  the  term  structure  of  interest  rates 
at  time  t.  is  just  the  function  R{Y,t\T,)  for  various  different  T,  when  the  state  variables  are  Y. 

Before  leaving  this  section,  we  note  that  since  coupon  bonds  are  nothing  more  than  portfolios 
of  discount  bonds,  once  we  know  how  to  value  discount  bonds  we  know  how  to  vaJue  coupon  bonds. 

3     The  Cox- Ingersoll- Ross  Model 

The  Cox,  Ingersoll.  Ross  (1985)  (CIR)  model  of  the  term  structure  of  interest  rates  is  a  specicil  case 
of  the  arbitrage  approach  outlined  in  the  previous  section.  Assume  that  the  dimension  of  Y  is  one 
and  the  single  state  variable  is  the  instantaneous  interest  rate  r{t).  Assume  further  that  r  follows 
a  mean  reverting  process: 

r{t)  =  r(0)  +   f  k{e  -  r{s))ds  +   f  a^fiTidiiis),  (77) 

where  w  is  a.  one  dimensional  standard  Brownian  motion,  and  A;  >  0,  ^  >  0  and  <j  >  0  are  the 
three  parameters.  The  parameter  9  is  the  long-run  mean  of  r.  When  the  current  realization  of  the 
interest  rate  is  below  its  long-run  mean,  the  time  trend  in  the  instant  after  will  be  positive  pulling 
r  towards  its  long-run  mean.  Similarly,  if  the  current  interest  rate  if  above  the  long-run  mean,  the 
time  trend  in  the  instant  after  will  be  negative  pulling  r  down  towards  its  long-run  mean.  The 
parameter  k  represents  the  intensity  of  the  mean  reversion.  The  mean  reverting  time  trend  is  also 
subject  to  random  shocks  governed  by  a  Brownian  motion.  The  dispersion  of  the  random  shock  is 
proportional  to  the  square-root  of  the  interest  rate  with  a  proportionality  factor  a.  The  higher  the 
interest  rates,  the  greater  the  uncertainty  centered  around  the  movements  of  the  interest  rates. 
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Using  equilibrium  arguments,  CIR  specify 


K{r,t)= y/r, 

o 


where  A  is  a  scalar  which  may  be  positive  or  negative.  The  interest  rate  process  under  the  martingale 
measure  becomes 


ft  f-Q  ft        I 


(78) 


which  is  also  a  mean-reverting  process  with  a  long-run  mean  k6/{k  +  A)  and  an  intensity  of  mean 
reversion  k  +  X.   Note  better  that  there  are  four  parameters  for  the  process  of  r  under  Q,  while 
there  are  three  parameters  under  P.  The  one  additional  parameter  is  A. 
The  partial  differnticd  equation  of  (76)  simplies  to  be 


1 


(7^rSrrir,t-T,)  +  Sr{r,t;T,)[k{9  -  r)  -  \r]  +  St{r,t;T,)  -  r5(r,<;T,)  =  0, 


(79) 


with  the  boundary  condition  S{r,Tt;T,)  =  1.  One  verifies  that 

5(r,(;r.)  =  A(^r.)e-^(')^(''^'), 
where 


A{t,Ti)     = 
G{t,T,)    = 


2^e('=+-^+^>(T.-t)/2 


(7-^fc  +  A)(eMT.-0-i)  +  27 
2(e^<^--"-l) 
(7  +  A:  +  A)(e-'(^--')  -  l)  +  27' 

11/2 


2k9/a^ 


7     =     [(fc  4- A)2  +  2a2 

Ito's  lemma  allows  us  to  write 

dS{r,t;T,)  =  r[l  -  \G{t,T,)]Sir,t;T,)dt  -  G{t,T,)S{r,t;T,)ay/7dw{t). 

Thus  if  A  <  (>)0,  the  instantaneous  expected  rate  of  return  on  a  discount  bond  that  is  not  maturing 
in  the  next  instant  is  greater  (smcdler)  than  r. 

The  yield-to-maturity  at  time  f  of  a  discount  bond  maturing  at  T,  is 

i?(r,i;T.)  =  [rG{UT,)-\nA(t,T,)]/{T,-t). 

As  maturity  nears,  R(r,t;Ti)  approaches  r.  As  we  consider  longer  and  longer  maturities,  R{r,t;Ti) 
approaches  a  limit: 

'ike 

hm    R(r,t;T,)  =  -——-. 
T,  — oo  7  -I-  K  -h  A 

One  can  also  show  that  when  r  <  6,  the  yield  curve  is  uniformly  rising.  With  r  in  excess  of 
kd/{k  +  A),  the  yield  curve  is  uniformly  falling.  For  intermediate  values  of  the  interest  rates,  the 
yield  curve  is  humped. 
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At  first  sight,  the  CIR  model  is  quite  restrictive  ais,  for  example,  it  cannot  produce  a  yield  curve 
that  has  two  humps.  As  a  consequence,  it  does  not  have  the  feature  that  there  always  exists  a 
set  of  parameters  so  that  an  empirically  observed  yield  curve  is  consistent  with  the  model.  This 
"shortcoming"  however  can  be  easily  overcome  by  allowing  some  of  the  parameters  to  be  time 
dependent.  For  example,  we  can  let  the  parameter  tf  to  be  a  function  of  time.  The  instantaneous 
interest  rate  process  becomes 

r{t)  =  r(0)  +   /  k{e{s)  -  r{s))ds  +   /  ayfis)dw{s).  (80) 

Then  the  discount  bond  price  at  time  t  is 

where 

A{t,T,)  =  exp  l-k  f  '  9{s)G{s,T,)ds\  . 

Then  the  shape  of  the  yield  curve  can  take  any  arbitrary  shape  depending  on  the  function  ^(0- 

K  the  model  is  correct,  one  should  be  able  to  infer  the  values  of  the  parameters  from  the  observed 
default-free  bond  prices. 

4     Pricing  of  Interest  Rate  Sensitive  Securities 

A  model  of  the  term  structure  of  interest  rates  is  not  only  useful  for  the  valuation  of  default-free 
bonds.  It  is  aJso  useful  for  the  valuation  of  all  the  interest  rate  sensitive  securities.  We  assume 
throughout  that  CIR  model  is  correct  and  we  know  the  parameters  k,  9,  a,  and  A. 

Consider  a  European  call  option  on  a  default-free  discount  bond.  The  maturity  date  of  the 
bond  is  T,.  The  maturity  date  and  the  exercise  price  of  the  call  option  are  T  <  T,  and  A'  >  0, 
respectively.  Let  the  price  of  the  option  at  time  t  be  C{t).  Since  there  is  only  one  Brownian  motion 
that  drives  the  uncertain  interest  rate  and  there  are  many  bonds  with  different  maturities,  the 
markets  are  dynamically  complete.  The  option  can  thus  be  priced  by  arbitrage.  By  the  martingade 
property  of  arbitrage-free  prices,  we  know 


Cit)     =     B{t)E;[m^x[S{r{T),T;T,)-K,0]/B{T)] 

exp{-   f    r{s)ds}  m20i[S{r{T),T;T,)  -  A',0]lr(O 


=     E' 


where  the  second  equality  follows  from  the  Markov  property  of  r  under  Q.  Since  the  transition 
probabilities  of  r  under  the  equivalent  martingale  measure  Q  is  known  (see  CIR.  p. 391),  the  above 
expectation  can  be  explicitly  evaluated.  The  interested  reader  can  consult  CIR  (p. 396)  for  a  closed- 
form  expression. 

Applying  the  same  principle  we  can  vaJue  any  interest  rate  sensitive  security.  Let  4>{t)  be  the 
random  cash  flow  of  a  security  at  date  t  whose  value  depends  on  the  history  of  r  from  time  0  to 
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time  t.  Assume  for  simplicity  that  4){t)  is  zero  except  at  a  finite  number  of  dates  (i,t2,  •  ■  ■  -^n-  The 
value  at  t  of  <p{ti)  with  i^  >  t  is 


e; 


e-/.''^(')''V((.) 


Thus  the  value  at  t  of  the  security  is 

t,>t       '• 

An  example  of  a  general  interest  rate  sensitive  security  is  a  pool  of  home  mortgages  or  Mortgage- 
Backed  Securities.  In  this  example,  </>(i,)  is  the  cash  flow  at  time  ti  generated  by  interest  rate 
payments  and  principal  prepayments  of  the  mortgages  in  the  pool.  To  vaJue  such  a  security,  one 
only  need  to  have  two  things:  The  parameters  of  the  instantaneous  default-free  interest  rate  process 
under  Q  and  the  projections  of  future  cash  flows  of  the  pool  of  mortgages. 

5     Futures  and  Forward  Prices  on  Interest  Rates  Sensitive  Securities 

We  will  now  discuss  how  to  value  continuously  resettled  financial  contracts  such  els  forward  and 
futures  contracts  on  discount  bonds.  For  concreteness  of  our  discussion,  we  continue  to  use  the 
CIR  model  of  interest  rates. 

An  individual  who  takes  a  long  position  in  a  forward  contract  agrees  to  buy  a  designated  good 
or  security  on  a  specified  future  date,  the  maturity  date,  for  the  forward  price  prevailing  at  the 
time  the  contract  is  initiated.  At  the  maturity  date,  the  forward  price  is  equl  to  the  spot  price  for 
the  good  or  security. 

Formally,  consider  a  discount  bond  with  a  maturity  date  T,.  Denote  the  forward  price  at  time 
t  for  this  bond  for  the  delivery  date  T  <  T,  by  F{t).  Since  no  money  changes  hand  when  a  forward 
contract  is  initiated,  F{t)  must  be  determined  so  that  the  contract  is  worthless  at  time  t.  That  is, 
the  value  at  f  of  a  payoff  at  time  T  of  S{r,  T;T,)  —  F{t)  is  zero.  Mathematically,  F{t)  must  be  such 
that 

E;[e-^^'^'^'^'{S{r{T),T;T,)  -  F{t))]  =  0. 

Note  first  that  as  S{t;  T,)/B(t)  is  a  martingale  under  Q,  E^le'  f^  '^'^"^^  S{r{T),T;  T.)]  =  S{r{t),  t;  T,). 
Next  note  that  as  F{t)  is  determined  at  time  t,  we  have 

E;[e-l^'^'^'^'Fit)]  =  F(0£;[e" /.'"'*''''']  =  F{t)Sir{t),t;T), 

where  the  second  equality  follows  from  the  fact  that  S{r{T),T;T)  =  1  since  it  is  a  discount  bond 
maturing  at  time  T.  These  imply  that 

F{t)  =  Sir{t),t;T,)/S[rit),t-T).  (81) 

We  have  thus  expressed  the  forward  price  at  time  t  for  a  discount  bond  by  the  then  prevailing 
bond  prices.  It  is  clear  from  the  expression  of  (81)  that,  besides  the  parameters  T  and  T,,  F{t)  is 
a  function  of  r(t)  and  t. 
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Now  we  turn  our  attention  to  futures  prices.  An  individual  who  is  long  in  a  futures  contract 
nominally  agrees  to  buy  a  designated  good  or  security  on  the  maturity  date,  for  the  futures  prices 
prevailing  at  the  time  the  contract  is  initiated.  At  maturity  date,  futures  price  is  equal  to  the 
spot  price.  No  money  changes  hands  initially.  Subsequently,  however,  a^  the  futures  price  changes, 
the  party  in  whose  favor  the  price  change  occurred,  must  immediately  be  paid  the  full  amount  of 
the  change  by  the  losing  party.  As  a  result,  the  payment  required  on  the  maturity  date  to  buy 
the  underlying  good  or  security  is  simply  its  spot  price  at  that  time.  The  difference  between  that 
amount  and  the  initial  futures  price  has  been  paid  (or  received)  in  installments  throughout  the 
life  of  the  contract.  Futures  prices  must  change  continually  over  time  in  such  a  fashion  that  the 
remaining  stream  of  future  payments  described  above  always  has  a  value  of  zero. 

Let  f{r,t)  be  the  futures  price  at  time  t  for  a  unit  discount  bond  delivered  at  T.  The  maturity 
date  of  the  underlying  discount  bond  is  T,  >  T.  Assume  for  now  that  /(r,  t)  is  a  twice  continuously 
differentiable  function  of  r{t)  and  once  continuously  differentiable  function  of  t. 

By  definition,  the  cash  flow  due  to  the  holder  of  a  futures  contract  over  the  interval  [s,  s  +  ds] 
is  the  change  of  the  futures  price  over  the  interval  df{r{s),s).  By  the  definition  of  futures  prices, 
the  present  value  at  time  t  of  all  these  cash  flows  for  all  s  G  [t,T]  must  be  equal  to  zero.  That  is, 


e; 


f    e-^''^'^'^Uf{r{s),s) 


=  0. 


As  /  is  a  continuous  function  and  a  realization  over  time  of  the  interest  rate  is  a  continuous  function 
of  time,  integration  by  parts  gives 


f{r{t),t)  =  E; 


X   '■(^)'^7(r(T),r)  +  y     e-l''^'^'''ris)f{r{s),s)ds 


(82) 


Multiplying  both  sides  by  e    Jo  '"''''''  and  then  adding  /„  e    Jo  ''^^^'^^r{s)f{r{s),s)ds  to  both  sides 


give 


e-  /o  '■(^'''7('-(0,  t)  +  /J  e-  ^o^^'^''r(s)f(r(s),  s)ds 


—     F' 


e-/o'"^(-'''7(r(T),T)  +  /o^e-/o'^(^)'^V(5)/(r(5),5)(fi 


(83) 


The  right-hand-side  of  the  above  relation  is  a  conditional  expectation  of  a  fbced  random  variable 
and  thus  is  a  martingale  under  Q.  Thus  the  left-hand-side  is  also  a  martingale  under  Q.  Now 
applying  Ito's  lemma  to  the  left-hand-side  and  using  the  fact  that  it  is  a  martingale  under  Q  and 
cannot  have  any  time  trend  we  get 


^Ur(r,t)ra^  +  fr{r,t)[kid  -  r)  -  Ar]  +  ft  =  0. 


(84) 


This  is  a  partial  differential  equation  that  /  satisfies.  The  boundary  condition  comes  from  the 
fact  that  at  the  maturity  date  of  the  futures  contract  and  the  futures  price  must  be  equal  to  the 
spot  price.  Hence  f{r,T)  =  Sir,T;T,).  One  easily  verifies  that  the  solution  to  (84)  with  the 
aforespecified  boundary  condition  is 


f{r{t),t)  =  E'[S{r{nT;T,)\r{t)]. 


(85) 
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Thus  the  futures  price  process  is  a  martingale  under  the  martingale  measure.  This  is  a  departure 
from  the  martingale  result  for  long-lived  securities,  where  the  price  processes  ia  units  of  the  riskless 
security  is  a  martingale  under  Q.  This  is  so  because  the  futures  price  is  not  the  price  of  a  long-lived 
security.  It  is  the  price  for  a  continuously  resettled  financial  contract. 

Note  that  since  we  know  the  trainsition  density  function  of  r  under  Q,  the  expectation  of  (85)  can 
be  explicitly  calculated,  which  we  leave  for  the  interested  reader.  This  explicit  analytic  expression 
is  a  twice  continuously  differentiable  function  of  r  and  once  continuously  differentiable  function  of 
t,  as  we  assumed  to  begin  with. 

6  Concluding  Remarks 

In  this  paper  we  have  briefly  discussed  how  the  theory  of  arbitrage  pricing  of  contingent  securities 
can  be  applied  to  study  the  behavior  of  interest  rates  and  the  valuation  of  interest  rate  sensitive 
securities.  Much  of  the  discussion  is  taken  from  Huang  (1989). 

Besides  the  Cox,  IngersoU,  Ross  (1985)  model  of  term  structure  of  interest  rates,  the  interested 
reader  should  also  consult  Brennan  and  Schwartz  (1979),  Heath,  Jarrow,  and  Morton  (1988),  Ho 
and  Lee  (1986),  Richard  (1978),  and  Vasicek  (1977). 
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